THE CONSTANT SCALAR CURVATURE KAHLER METRIC ON BOUNDED
PSEUDOCONVEX DOMAINS

ZEHAO SHA

ABsTRACT. In this paper, we study constant scalar curvature Kéhler (cscK) metrics on bounded
pseudoconvex domains endowed with the complete Kihler-Einstein metric of C°-bounded ge-
ometry. We prove that the cscK metric is bi-Lipschitz equivalent to the Kihler-Einstein met-
ric, provided the volume form ratio of the two metrics is bounded on the closure of the do-
main. Based on Huang-Xiao’s work, we investigate an analogue of Cheng’s conjecture for the

Bergman metric with constant scalar curvature.

1. INTRODUCTION

A classical question in Kdhler geometry is on finding an especially “nice” representative of
a given Kihler class [w,] for a Kédhler manifold (M, g). Generally, the Kéhler-Einstein metric
is the best candidate for such a representative. A Kihler metric g is called Kéhler-Einstein if

the Ricci curvature is proportional to the metric, that is
Ric(g) = 4g,
for some A € R. Through rescaling, we can assume that 4 = 1, 0 or —1.

On compact Kéhler manifolds, the existence of Kéhler-Einstein metrics depends on the sign
of the first Chern class ¢;(M):

(1) If ¢;(M) < 0, M has an ample canonical bundle, a problem solved by Aubin [Aub76]
and Yau [Yau78];

(2) If c;(M) = 0, M is Calabi-Yau, as solved by Yau [Yau78];

3) If c;(M) > 0, M is Fano, there are some obstructions for the existence of Kihler-
Einstein metric, introduced by Matsushima [Mat57], Futaki [Fut83] and Tian [Tia97]. It
was proven by Chen-Donaldson-Sun [CDS15a,CDS15b,CDS15¢] that the K-polystability
of a Fano manifold is a sufficient condition for the existence of a Kdhler-Einstein metric

For the non-compact case, significant results have been proven by Cheng-Mok-Yau [CY 80,
MY 83] and Guedj-Kolev-Yeganefar [GKY 13].

When the canonical bundle K}, is neither trivial, ample, nor anti-ample, the existence of a
Kihler-Einstein metric is precluded, as the first Chern class cannot coincide with the Kéhler
class, making the necessary topological condition unattainable. The constant scalar curvature
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Kihler (often abbreviated as cscK) metric generalizes the concept of the Kdhler—Einstein met-
ric. And on compact Kihler manifolds, the average of the scalar curvature R is given by
2nmci (M) U [wg]"‘1

[wel”

R =
which is independent of the choice of g.

The Yau-Tian-Donaldson conjecture posits that the existence of a cscK metric in a given
Kihler class is intimately related to the K-stability of (M, L) where L is an ample line bundle
over M. In [Chel8], Chen outlined a program for studying the existence problem for cscK met-
ric: a new continuity path that links the cscK equation to certain second-order elliptic equation,
apparently motivated by the classical continuity path for Kédhler Einstein metrics and Donald-
son’s continuity path for conical Kéhler Einstein metrics, and showed the openness. Further,
Chen and Cheng [CC21b,CC21a] established a priori estimates and proved the closeness.

Despite the progress of the study for the cscK metric on compact Kéhler manifold, the case
for complete Kéhler manifold is less understood. One of the main obstacles is that the complete
case lacks a global dd-lemma. Consequently, even when a Kihler class [w,] is prescribed, one
cannot establish the one-to-one correspondence between Kihler metrics and their potential
functions as in the compact case.

Inspired by the outstanding work of Cheng and Yau [CY80] on complete Kéhler-Einstein
metrics on strictly pseudoconvex domains, we would like to start in a similar setting. In these
domains, the defining function naturally produces a complete Kihler metric, and any two such
metrics differ by a V—18du term for some potential u, as a property inherent to the defining
function. Moreover, in several complex variables, there is a growing trend to study invari-
ant metrics on pseudoconvex domains, and since cscK metrics are invariant under biholomor-
phisms, it is natural to consider them in this context.

In this paper, we focus on bounded pseudoconvex domains Q C C" endowed with a complete
Kéhler-Einstein metric g. We present the following result:

Theorem 1.1. Let Q c C" be a bounded pseudoconvex domain equipped with a complete
Kihler-Einstein metric g of C°-bounded geometry. Suppose g is another cscK metric of C°-
bounded geometry on Q, and assume the ratio of volume forms satisfies

det(3) _

F o 2(C
detg) e € C(Q).

If

suptr, g < +oo,
Q

then there exist constants C > C’ > 0, depending on the dimension 7, the lower bound of the
holomorphic bisectional curvature of g, and ||F ||C2@, such that

C'g<g<Cg in Q.



THE CONSTANT SCALAR CURVATURE KAHLER METRIC ON BOUNDED PSEUDOCONVEX DOMAINS 3

For the case where the cscK metric g is defined via a defining function (as discussed in
[CY80]), we further show that g must coincide with the Kihler-Einstein metric g.

Proposition 1.2. Let Q c C" be a bounded strictly pseudoconvex domain with C*-boundary
for k > 8. Suppose there exists a complete cscK metric g on € of the form

8ii = —(91'5} log(p),

where p is a defining function for Q = {p > 0}. Then g is necessarily Kéhler-Einstein.

Considering the Bergman metric on strictly pseudoconvex domains, we provide the follow-
ing result, which offers a new perspective for extending [HX21, Theorem 1] in the context of
the cscK metric.

Theorem 1.3. Let Q c C" be a C* bounded strictly pseudoconvex domain endowed with the
Bergman metric gg. If gp has constant scalar curvature, then Q is biholomorphic to the ball.

2. PRELIMINARIES

2.1. Notations. Let (M", g) denote an n-dimensional complete Kédhler manifold. In local co-
ordinates (7!, ..., 7"), the Kihler metric g can be expressed in the form

g= glJ_le ®d—j,
where we adopt the Einstein summation convention. We use d; and d; as shorthand notations

for < and <

= L respectively, and denote by (glj ) the inverse matrix of (gij).

Given two tensors A and B of type (m, n), their Hermitian inner product with respect to g is

defined by
ij .n_.n - - k km [ lm
(A, B)g := 8" - 8"ty -~ 8u,, Ay By
. . . 2 .

and the corresponding norm of A is given by |A[; := (A, A),.

Let V denote the Levi-Civita connection associated with the Kédhler metric g. The covariant
derivatives are expressed locally as

Vz’ = Vai, V- = Va

J i’
For any vector fields X, Y, Z, W on M, the curvature tensor R is defined by
R(X, Y,Z, W) = <vayZ - VyVXZ - V[X’y]Z, W> .
In local coordinates, the components of the curvature tensor are calculated as

Ri]'kl_ = —akal-gi; + gpt7 (akgiq) (al_gp}) .

n
i=1

1 _ 1
€ = ﬁ(e,- - \/—_Ue,-), € = $(e,- + \/—_ljei),

Consider a unitary frame {¢;, €} , constructed by
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where {e;, Je;}!_, forms an orthonormal frame on 7M. The holomorphic bisectional curvature
of a complex plane II spanned by ¢; and ¢; is defined as

HBC,(IT) = R (€. . €. ).

The Ricci curvature tensor is defined as the trace of the curvature tensor:
Ric(g) = R;; d7 ® d7’, where R;; = —0;051og (det(gy) .
The scalar curvature is then obtained by tracing the Ricci curvature with respect to g:
R(g) = tr, Ric = g"R;.

Note that for C2-functions, the covariant derivative V,V ; coincides with the partial derivative
0,05, since the mixed Christoffel symbols I';; vanish identically on Kéhler manifolds.

For any C*-function f : M — R, the gradient vector field is defined by

Vf =g"(if - 0;+05f - ).

The complex Hessian of f is given by V2f = V—=183df, and the Laplacian operator is defined
as the trace of the Hessian:

Aof = trg (V2f) = 870,0;f.

2.2. Omori-Yau’s maximum principle. We now introduce Omori-Yau’s generalized maxi-
mum principle on non-compact manifolds.

Proposition 2.1 (Omori, [Omo67],Yau [ Yau75]). Let (M, g) be a complete Kédhler manifold. If
g has bounded sectional curvature, then for any function u € C*(M) with sup,, u < +oco, there
exists a sequence of points {z;}reny € M satisfying

(D) lim u(z) = supu, (2) lim [Vu(zy)ly = 0, (3) lim Vu(z) <0,
—00 M —00 —00

where the third inequality holds in the sense of matrices.

Remark 2.2. If the assumption of bounded sectional curvature is replaced by bounded Ricci
curvature, condition (3) can be modified to

(3" ]}Lrg Aqu(zi) < 0.

2.3. Bounded geometry. Recall that the injectivity radius at a point x € M is the maximum
radius r of the ball B, in the tangent space T, M for which the exponential map exp, : B, —
exp,(B,) C M is a diffeomorphism. The injectivity radius of M is the infimum of the injectivity
radius at all points in M.
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Definition 2.3 (Wu-Yau, [WY20]). Let (M, g) be a complete Kdhler manifold and let k > 0
be an integer. We say (M, g) has C*-quasi-bounded geometry if for each non-negative integer
[ < k, there exists a constant C; > 0 such that

sup|V'Rm|, < C,, (2.1)
M

where Rm = {R;5;} is the Riemann curvature tensor of g and V! is the convariant derivative of
order [. Moreover, if (M, g) has a positive injectivity radius, then we say (M, g) has C*-bounded
geometry.

3. CscK METRICS ON BOUNDED PSEUDOCONVEX DOMAINS

Let Q be a bounded pseudoconvex domain, and let g be the Kihler-Einstein metric on Q
of C%-bounded geometry. The existence of the unique Kihler-Einstein metric g is guaranteed
by the result of Mok and Yau [MY83]. Suppose g is a complete cscK metric of C’-bounded
geometry on Q with scalar curvature R(g) = —n(n + 1). Then there exists some F such that

det (g;) = ¢ det (gy5). (3.1)

We first see the following inequality which holds for any Kihler metrics g and g if the
holomorphic bisectional curvature of g is bounded from below.

Lemma 3.1. There exists a constant B depending on the holomorphic bisectional curvature of
g such that

tr, Ric(g)

= (3.2)
trg g

Az log (trg g) > Btry g —

Proof. Let R,-.;k,- and Ri; denote the local components of Riemann and Ricci curvature tensor of
8. Taking any p € Q, we compute in normal coordinates centered at p where g is identity and
g is diagonal. We have

Aqtr, § = 210,07 (572;5)
= 25000187 + 38704015

= 820:018" + 88" (~Ris + §10:8018,7)

= §'850:018" ~ §"Rij + 888" 081001 5 G

where the third equality follows from the local expression of Riemann curvature tensor in
Kiéhler case. In fact, at p, we have

g=) % teg=) 2"
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Then for the first term of (3.3), we have
32000187 = ) 8 2i0h0rg”
ki
. skk
> inf HBC, ; T
= inf HBC, (tr &) (trz 8).

where HBC, is the holomorphic bisectional curvature of g and we will denote info HBC, by B
in the remaining part. The second term of (3.3) is just tr, Ric(g), and the third term of (3.3) is

3878 0:gq0%,5 = ) | B R0kl
ik,p

Thus,

A tre & > B (try ) (trs ) - tre Ric(@) + ) #2710,/

ik,p
Taking logarithm into account, we have
A 8(0itg) (0, )
Az log(trgg) = tg - - 5
rgg (trg g)
tr, Ric(g i 8PP0 3P ik g7 (0:2w) (08,5
> Bur g - ~(g)+2,k,pg gNI k8ipl” ik 2( ) 3.4)
try g tre g (trg g)

By applying Cauchy—Schwarz to the numerator of the fourth term of (3.4), we have

Z g’ﬁ (0i&) (aigpﬁ) = Z ( 80 \/;a;gpﬁ)

ik,p ik,p

12
< Z [Z g’ﬁ|3i§k12|2] (Z <§’ﬁ|aig’pp|2)
kp \ i i

1/242
Z[ g""w,-gmz] ]
k i
122
=1> @' [Z g""g"km,»gkaz) )
k i

1/2

IA
o
;I
N —
[
oqL
OQTII
13
=
S
oQ
=
N —

where we add some positive terms in the last inequality. This implies the desired inequality. O
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Lemma 3.2. Let g and g be the Kéhler-Einstein metric and cscK metric, respectively. Then the
following inequality holds for the volume forms:

det(z7) > det(g;y)- (3.5)

Moreover, if the equality holds in Q, then g = g.

Proof. Taking u = det(g;;)/ det(g;;) > 0, we compute

Aglogu = Az log (det(g;) — det(Z,7))
=(m+Dtrzg—(n+1n
> (n+ Dnu'" = (n + D,
where the last inequality follows from the arithmetic-geometric inequality.

Then we obtain

A |Vul?

Azlogu = =4 - —=
8 Ogl/t u M2
> (n+ Dnu'™ — (n + Dn,
which leads to
[Vul?
Agu — — >+ D™ = (n + Do
u

Since u is bounded on Q, by the generalized maximum principle, there exists a sequence
{zo) C Q, such that

0> lim Azu(z,) =2 (n + 1)n lim u%“(za) —(n+ Dn lim u(z,).
This implies sup, u < 1, yielding the desired inequality.
Now, suppose that det(g;;) = det(g;7). Then we have tr; ¢ = n. The desired result follows

from the equality case of the arithmetic-geometric inequality. O

Proposition 3.3. Suppose Ric(g) < 0. Then the inequality (3.2) holds strictly. Furthermore, if
there exists a point p € 2 where det(g;;) = det(g;;), then g = g in Q.
Proof. 1t follows from (3.1),
Ric(3) = — V=18F + Ric(g).
Taking trace with respect to g, we have
A F = tryRic(g) —n(n+1) <0.

If there exists a point p € Q where det(g;;) = det(g;;), then F(p) = 0. Thus, by the strong
maximum principle, we have F' = 0 in Q which implies g = g. m|
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Remark 3.4. Note that Lemma 3.2 remains valid provided that the ratio of the volume forms of
the Kihler-Einstein metric and the cscK metric is bounded. Furthermore, under this condition,
inequality (3.5) implies that the volume form of the Kihler-Einstein metric is the smallest
among all cscK metrics.

The following statement shows that the Kéhler-Einstein metric and the cscK metric are bi-
Lipschitz to each other on Q.

Proposition 3.5. Assuming the hypotheses of Theorem 1.1 hold, then there exist constant C >
C’ > 0 depending on the dimension 7, the lower bound of holomorphic bisectional curvature
of g, and [|F||c2q), such that

C'g<g<Cg on Q. (3.6)

Proof. 1t follows from (3.1),
Rij‘ =—(n+ Dgi;— Fi, 3.7
where F;; := 0;05F. Then, (3.2) becomes

_ tr, Ric(g)
Ag,log(trgg) > Btrg,g— gtr—g
8
nn+1)+AF
:Btrgg+ ( )~ g .
tre g

Thanks to Cauchy-Schwarz inequality, we have

(tre 2)(tr &) = (27217) (21) = .

So there exists a constant C; > 0 depending on n and ||A, F||z~q), such that
Aglog(tr,2) > Birg g — Cy tr g. (3.8)
From (3.7),
AF =(n+1)(n—trgg).
Taking C; = (=B + C; + 1)/(n + 1), then it follows from (3.8),
Az (log (try 8) — CoF ) > tr; g — Ca(n + Din.

Since log (trg g) — C,F is bounded from above on Q. Then by the generalized maximum

principle, there exists a sequence {z,}, such that
0> lim A, (log (trg g) = C2F ) (z0) 2 lim tr g(z0) ~ Ca(n + Dn,

which implies

lim tr; g(z,) < Co(n + 1n.
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If z, — p € Q, then taking a normal coordinate at p such that g is identity and g is diagonal,
we have

tre g(p) = ) &'(p) < Caln+ Dn.

This yields at point p, for any k£,

%@=W@s2?@SQMHm (3.9)

On the other hand side, from (3.1), we have

[ |2ip) = e"® < emrar. (3.10)
Combining (3.9) and (3.10), for any k, we obtain
3 C
L) ey 4yt gorar = & 3.11)
[Tizk &i(p) n

where we recall that C; depends on n, the lower bound of holomorphic bisectional curvature of

ga(p) =

g, ||F||z~ and ||AF||~. In particular, from (3.11), we have

tr (p) = ) &ulp) < Cs.
k

If z, — p € Q, then by the generalized maximum principle, we have
1
tr; 8(zo) < Co(n+ Dn + —.
o’

Taking a normal coordinate at z, and following the same approach as above, then we obtain

tr, 8(zo) < C3 + o(é).
Let @ — oo, we have
(P_rgo try 8(zo) < Cs.
Hence for any x € Q, we obtain
log (trg g) (x) — CoF(x) < sgp (log (trg g) - C2F)

< lim log tr §(z,) = €2 lim F(z,)

< log(C3) — G.F (p),
which implies

sgp tr, 8 < Cy, (3.12)

where C, depends on the same factors as C3. Now, if we choose a normal coordinate at any
point x € Q such that g is identity and g is diagonal, it follows from (3.5) and (3.12),
. _ I1iga

8kk = =
[Tizk &

> Cs,
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which implies
g > Csg. (3.13)

This gives the desired result. O

In the last part of this section, we study the case when the cscK metric g is asymptotically
Kihler-Einstein in the sense that its volume form equals the volume of the Kihler-Einstein
metric at infinity.

Proposition 3.6. Assuming the hypotheses of Theorem 1.1 hold, if ¥ =0on dQ and tr; g <n
in Q, then g is Kéhler-Einstein.

Proof. 1t follows from (3.7) that
AF = (n+1)(n—tryg) 2 0.
Since F' = 0 on 0, the function F is subharmonic with respect to g and achieves its maximum
value of O at infinity. By the maximum principle, if F' # 0, then F < 0 in Q. This would imply
det(g;7) = " det(g;;) < det(g;),

which contradicts (3.5). Therefore, we conclude F = 0 and det(g;;) = det(g;;) in Q. The desired
result then follows as a consequence of Lemma 3.2. O

A key observation is that the estimates derived in this section for cscK metrics on bounded
pseudoconvex domains extend naturally to complete Kihler manifolds endowed with Kéhler-
Einstein metrics. This generalization leads to the following relationship, which holds particular
significance:

Proposition 3.7. Let (M", g) be a complete Kédhler manifold equipped with a Kdhler-Einstein
metric of C’-bounded geometry. Suppose there exists a cscK metric g of C°-bounded geometry
satisfying det(2) = e’ det(g) for some F € C*(M) with |F llc2y < K, where K > 0. Then there
exist constants C, C’ > 0, depending only on n, g, and ||F||c2(s, such that

Cg<g<C(llyg

In [CY80], Cheng and Yau investigated complete Kéhler metrics of the form
gij = —0;0;logp,

where p is a strictly plurisubharmonic defining function for the domain Q = {p > 0}. They
derived the local expression for the curvature tensor:
1
Rij = — (gijgki + giigk]) +0 (E) :
Notably, the metric g behaves asymptotically like a Kédhler-Einstein metric with Einstein con-
stant —(n + 1) near the boundary 9€.
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The Kihler-Einstein metric on a strictly pseudoconvex domain is constructed using the Fef-
ferman defining function p of class C* for k > 8. Let g denote this metric, defined by

g=-V-1d0logp.

If the cscK metric is also defined by a global strictly plurisubharmonic defining function p, then
there exists a positive function u € C*1(Q) satisfying u = 1 + o(1) near 0€2 such that p = up.
Consequently, the perturbed metric satisfies

gi7 = gij + 0:05¢,

where ¢ = —log u. For a detailed discussion of the regularity of u, see [KraO1l, Chapter 3.1].

Proposition 3.8. Let Q c C" be a bounded strictly pseudoconvex domain with C*-boundary,
for k > 8. Then there is no complete cscK metric g given by a C*-defining function p unless g
is Kéhler-Einstein.

Proof. Assume there exists a complete cscK metric defined by a defining function p. As dis-
cussed previously, this implies the metric perturbation

8ii=8&j+ 51'3}90,
Taking the trace with respect to g, we obtain
Agp=n—trzg.
Furthermore, the determinant relationship
det (gl-; + c’),-c?;go) = det (g,-]-) - det (6,-; + gil_alﬁjgo) = el det (g,-J-)
holds. Since g is complete and 9,059 € C k=3(Q), the term gil_alajgo vanishes asymptotically near
0Q. Thus,
e = det(5;;+ g"01050) > det(65) =1 as z— Q.
This gives the boundary value problem:
AsF =+ 1)Azp in Q
F=¢=0 on 0Q.

By the comparison property for the elliptic operator, F' = (n + 1)¢ in Q. Substituting this into
the determinant equation yields

det (g;7 + 0id5p) = "% det (g7). (3.14)

Applying the generalized maximum principle (valid due to the completeness of g and sup, |¢| <
o), there exists a sequence {z;} C € such that

det(g; det(g;; + 0:05¢
e(g])(Zk)th ( J J )
det(g;;) k

—e det(g;)
This implies sup, ¢ < 0. A symmetric argument gives info¢ > 0, forcing ¢ = 0 in Q.

= lim Zk) — e(n+1)supQ<p.
k—oo

Consequently, g = g in , which complete the proof. O
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4. BERGMAN METRIC ON STRICTLY PSEUDOCONVEX DOMAINS

In this section, we discuss some facts on the Bergman metric on strictly pseudoconvex do-
mains. Let Q be a bounded pseudoconvex domain in C" and let A%(2) be the space of holomor-
phic functions in L*(€). It is clear that A%(Q) is a Hilbert space. The Bergman kernel K(z) on
Q) is a real analytic function defined as

K@= lpj@f, VYzeQ,
j=1
where {¢ j};‘;l is an orthonormal basis of A?(Q) with respect to the L? inner product. Since the
Bergman kernel is positive and independent of the choice of any orthonormal basis [KraO1] on
bounded domains, we then can define the Bergman metric

gp = gl.jdzi ® dzj where 8i; = 6,-6;- log K.

The Bergman metric is a complete real analytic Kédhler metric, with the real analytic property
inherited from the Bergman kernel. Let G := det (gij) denote the determinant of the Bergman
metric. The Bergman invariant function B(z) := G(z)/K(z), introduced by Bergman in [BS51],
is invariant under biholomorphic maps.

A significant result regarding the Bergman invariant function, established by Diederich in
[Die70], states that as one approaches the boundary of a strictly pseudoconvex domain with
C>-boundary, B tends to constant when we approach the boundary.

Proposition 4.1 (Diederich, [Die70]). Let Q c C" be a bounded pseudoconvex domain and let
p € 0Q be a C? strictly pseudoconvex point. Then

+ 1 n.n
lim B(g) = LT
z—p n!

Then we have the following result, as an extending for Huang and Xiao’s resolution of
Cheng’s conjecture.

Theorem 4.2. Let Q be a bounded strictly pseudoconvex domain in C" with C* boundary and
let gz be the Bergman metric. If gg has constant scalar curvature, then € is biholomorphic to
the ball.

Proof. Expressed in local coordinates, gp satisfies the equation

Ri; + (91-87 log B = —&ij> “4.1)

where R;; and g;; are the local components of the Ricci curvature Ric(gp) and the metric gp,
respectively, and B represents the Bergman invariant function. Taking the trace of equation
(4.1) with respect to gg, we derive

A logB=0 in Q.
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This implies that log B is a harmonic function with constant “boundary value” (Proposition 4.1).
By the maximum principle, it follows that log B must be constant throughout Q, specifically

(n+ 1)"7‘(")

longlog( '
n!

Combining this result with the characterization in [FW97, Proposition 1.1], we conclude that
gp is Kihler-Einstein. The final statement then follows immediately from [HX21, Theorem
1]. O
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