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ABSTRACT. We study the 2-systole on compact Kähler surfaces of positive scalar curvature.
For any such surface (X,ω), we prove the sharp estimate minX S(ω) · sys2(ω) ≤ 12π, with
equality if and only if X = P2 and ω is the Fubini–Study metric. Using the classification of
positive scalar curvature Kähler surfaces by their minimal models, we also determine the optimal
constant in each case and describe the corresponding rigid models: 12π when the minimal model
is P2, 8π for Hirzebruch surfaces, and 4π for non-rational ruled surfaces. In the non-rational
ruled case, we also give an independent analytic proof, adapting Stern’s level set method to the
holomorphic fibration in Kähler setting.

1. INTRODUCTION

Systolic geometry studies how topology constrains the existence of low-volume representa-
tives of nontrivial homology classes, and how these minimal “sizes” interact with global geo-
metric constraints. Following Berger’s terminology [Ber72a,Ber72b,Ber81] (see also [Ber08])
and Gromov’s subsequent development of systolic geometry [Gro83], if (M, g) is a closed
Riemannian manifold of dimension n ≥ k, the k–systole of (M, g) is defined by

sysk(g) := inf
{
Volg(Z)

∣∣ Z is a k-cycle with [Z] ̸= 0 ∈ Hk(M ;Z)
}
.

Here an integral k-cycle may be understood, for instance, as an integral current in the sense of
geometric measure theory, and Volg(Z) denotes its k-dimensional mass with respect to g.

In the setting of positive scalar curvature (PSC), a particularly natural object is the 2-systole.
Indeed, scalar curvature is obtained by averaging sectional curvatures over 2-planes, and a
basic mechanism for producing PSC metrics is to insert an S2-component: for product metrics,
one has scal(g ⊕ h) = scal(g) + scal(h), so S2(r) × (N, h) carries PSC metrics once r is
sufficiently small, to a large extent, independently of the geometry of N . This illustrates that
scalar curvature positivity is often controlled by the 2-sphere direction, whose size is measured
by the 2-systole.

In dimension three, the interplay between 2-systolic quantities and PSC is by now well un-
derstood. If (M3, g) is PSC, Schoen-Yau [SY79] proved that any area–minimizing surface in
M is homeomorphic to either S2 or RP2, showing that the relevant minimizing surfaces are
essentially spherical. Building on this, Bray-Brendle-Neves [BBN10] established a sharp π2-
systolic inequality. Denote by sysπ2

2 (g) the infimum of the areas of homotopically nontrivial
2–spheres in (M3, g). Then

min
M

scal(g) · sysπ2
2 (g) ≤ 8π, (1.1)
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with equality if and only if the universal cover of (M3, g) is isometric to the Riemannian prod-
uct S2 × R endowed with the round metric on S2 and the flat metric on R. In [Ste22], Stern
gave a new proof of (1.1) leveraging the level set method. The bound (1.1) was recently refined
by a quantitative gap theorem of Xu [Xu25], and there has been substantial further progress on
systolic inequalities under scalar curvature assumptions; see for instance [Zhu20,Ric20,Ori25].

In real dimension four, by contrast, our current understanding of 2-systoles under PSC as-
sumptions is much more limited: even on S2 × S2 with positive scalar curvature, global upper
bounds for sys2(g) are only known under additional geometric hypotheses. In this paper we ini-
tiate a systematic study of 2-systolic inequalities in dimension four under the extra assumption
that the metric is Kähler. More precisely, given a compact Kähler surface (X,ω) we denote by
gω the associated Riemannian metric and we write

sys2(ω) := sys2(gω),

while S(ω) denotes the (Chern) scalar curvature of ω (in the Kähler setting, we have 2S(ω) =

scal(gω)). With this convention, all our main inequalities are stated purely in terms of the
Kähler form ω. Our result shows that:

Theorem 1.1. Let (X,ω) be a compact Kähler surface with S(ω) > 0. Then

min
X

S(ω) · sys2(ω) ≤ 12π.

Moreover, equality holds if and only if X ∼= P2 and ω is the Fubini–Study metric.

It is worth noting that a compact Kähler surface X admits a PSC metric if and only if X is
obtained from P2 or a ruled surface P(E) by a finite sequence of blow-ups. More precisely, Yau
showed that the existence of a Kähler metric with positive total scalar curvature forces the Ko-
daira dimension of X to be −∞ [Yau74], and the Enriques-Kodaira classification then implies
that any minimal compact Kähler surface with PSC is either P2 or ruled [BHPVdV04, Chap-
ter V]. Building on this and using Seiberg-Witten theory, LeBrun proved that for minimal
complex surfaces of Kähler type, the existence of a Riemannian metric of positive scalar cur-
vature is equivalent to the existence of a Kähler PSC metric, and that this happens if and only
if the surface is either P2 or ruled [LeB95, Theorem 4]. He conjectured that the same char-
acterization remains true after allowing blow-ups. The remaining gap, whether blowing up
preserves the sign of the scalar curvature, was settled more recently by Brown, who proved
that blow-ups with small data preserve the sign of scalar curvature and thereby completed the
classification [Bro24, Theorem B]. In particular, every PSC Kähler surface has minimal model
either P2 or a ruled surface. It is therefore natural to restate Theorem 1.1 in a form that records
how the optimal constant depends on the minimal model. This leads to the following three-way
refinement.

Theorem 1.2. Let (X,ω) be a compact Kähler surface with positive scalar curvature. Then:
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(1) (Theorem 3.4) If the minimal model of X is P2, then

min
X

S(ω) · sys2(ω) ≤ 12π,

with equality if and only if (X,ω) ∼= (P2, ωFS).

(2) (Theorem 4.10) If the minimal model of X is a Hirzebruch surface Fe fibred over P1, then

min
X

S(ω) · sys2(ω) ≤ 8π,

with equality if and only if X ∼= P1 × P1 and ω is the product Fubini–Study metric on
P1 × P1 (up to scaling).

(3) (Theorems 4.5 and 5.4) If the minimal model of X is a ruled surface fibred over a base
curve B of genus g(B) ≥ 1, then

min
X

S(ω) · sys2(ω) ≤ 4π,

with equality if and only if B is an elliptic curve, the universal cover of X is biholomorphic
to P1 × C, and ω is induced by the product of the Fubini–Study metric on P1 with a flat
metric so that sys2(ω) is realized by a P1–fibre.

Idea of the proof. A key feature of the Kähler setting is that several genuinely Riemannian
quantities can be expressed directly in terms of the Kähler class. In real dimension four, com-
plex curves are calibrated by the Kähler form: if (X,ω) is a compact Kähler manifold and
C ⊂ X is a smooth complex curve, then

Areaω(C) =

∫
C

ω = [ω] · [C],

so the ω–area of C is entirely encoded by the cohomology class [ω] ∈ H1,1(X) and the homol-
ogy class [C] ∈ H2(X;Z). More generally, if C is an effective (possibly singular or reducible)
curve, we view C =

∑
i miCi as a positive integral real 2–cycle, and the pairing can be under-

stood as
[ω] · [C] =

∫
C

ω =
∑
i

mi

∫
Creg

i

ω.

Motivated by this interplay between geometry and intersection theory, we introduce the follow-
ing algebraic analogue of the 2–systole.

Definition 1.3 (Holomorphic 2–systole). Let (X,ω) be a compact Kähler manifold. The holo-
morphic 2-systole of a Kähler class [ω] is defined by

syshol2 ([ω]) := inf
{
[ω]·[C]

∣∣∣ C ⊂ X an effective curve, 0 ̸= [C] ∈ H2(X;Z)
}
. (1.2)

In other words, syshol2 ([ω]) measures the smallest possible ω-area of a nontrivial effective
curve on X , expressed purely in terms of the intersection pairing. We emphasize that there exist
compact Kähler manifolds carrying no complex curves (for instance, very general K3 surfaces
with Picard number 0 or non-algebraic complex tori), in which case the set of candidates in
(1.2) is empty. Hence, Definition 1.3 is worth using only when X carries at least one effective
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curve. Fortunately, in the presence of positive scalar curvature, this is automatic (and syshol2

is finite): by [Yan19, Theorem 1.3], a compact complex manifold admits a Hermitian metric
with positive Chern scalar curvature if and only if KX is not pseudo-effective. If moreover
X is Kähler, then by Ou’s characterization [Ou25, Theorem 1.1] this is equivalent to X being
uniruled (i.e. covered by rational curves). Summarizing,

X is a compact PSC Kähler manifold =⇒ KX is not pseudo-effective =⇒ X is uniruled

and hence X carries plenty of effective curves, so the infimum in (1.2) is taken over a nonempty
set. This parallels the geometric intuition from the Riemannian setting: scalar curvature posi-
tivity is often driven by the presence of 2-sphere components S2 ∼= P1.

We then consider the following scale-invariant functional on the Kähler cone K(X):

JX([ω]) := syshol2 ([ω]) · Ŝ([ω]) =
(
inf
C eff.

[ω] · [C]
)
· 2nπ c1(X) ∪ [ω]n−1

[ω]n
,

where Ŝ([ω]) is the (normalized) average Chern scalar curvature, n = dimC X and c1(X) is
the first Chern class. Since holomorphic curves are admissible competitors for the homological
2–systole and are calibrated by ω, one always has

sys2(ω) ≤ syshol2 ([ω]).

Moreover, minX S(ω) ≤ Ŝ([ω]), hence

min
X

S(ω) · sys2(ω) ≤ JX([ω]).

Equality can occur only if S(ω) is constant (i.e. ω is cscK) and the 2-systole is realized by a
holomorphic curve (as a calibrated cycle).

From this point on, we restrict to Kähler surfaces. In this case

JX([ω]) =
(
inf
C eff.

[ω] · [C]
)
· 4π c1(X) · [ω]

[ω]2

is completely determined by intersection numbers of the Kähler class [ω] with curve classes
in H2(X;Z) and with c1(X). In particular, every PSC Kähler surface is projective (indeed, in
complex dimension 2 the PSC classification forces the minimal model to be rational or ruled,
hence projective, and projectivity is preserved under blow-ups). On a projective surface, the
Nakai–Moishezon criterion implies that a real (1, 1)–class is Kähler if and only if

[ω]2 > 0 and [ω] · C > 0 for every irreducible curve C ⊂ X.

Since we are interested in PSC Kähler metrics, we further restrict to classes with c1(X)·[ω] > 0.
The global inequality in Theorem 1.1 then reduces to obtaining sharp upper bounds on supJX

over the slice

{[ω] ∈ K(X) | c1(X) · [ω] > 0},

and, as we show in Theorem 2.2, this supremum is always finite. In particular, JX does not
blow up along sequences of Kähler classes approaching the boundary of the Kähler cone.
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The remaining task is therefore a purely algebraic optimization problem on the Kähler cone
of blow-ups. Let π : Xk → X be the blow-up of a minimal surface X at k points in very general
position. Any Kähler class on Xk can be written as

[ωt] = π∗[ω]−
k∑

i=1

tiEi

for some [ω] ∈ K(X) and some small coefficients ti > 0. Since c1(Xk) = π∗c1(X)−
∑k

i=1Ei,
after fixing [ω] we may view JXk

([ωt]) as a multivariable function of t = (t1, . . . , tk). The
main difficulty is to understand the geometric quantity

m(t) := syshol2 ([ωt]).

When the Mori cone NE(Xk) is rational polyhedral and generated by finitely many effective
curves (for instance, for del Pezzo surfaces), one can, in principle, enumerate its extremal
rays and reduce the problem to a finite-dimensional optimization (see Examples 3.5 and 4.9).
The main difficulty arises for blow-ups with infinitely generated Mori cone, where such an
enumeration is impossible.

To overcome this, we start from the identity

JXk
([ωt]) = 4πm(t) · c1(X) · [ω]−

∑k
i=1 ti

[ω]2 −
∑k

i=1 t
2
i

.

Set S(t) :=
∑k

i=1 ti and Q(t) :=
∑k

i=1 t
2
i . Since each Ei is an effective curve, we always have

the coarse lower bounds ti ≥ m(t) for all i, hence S(t) ≥ km(t). Fix (m,S), we consider the
purely numerical family of vectors t satisfying only

ti ≥ m,
k∑

i=1

ti = S.

On this set, the factor m ·
(
c1(X) · [ω] − S

)
is fixed and the function Q 7→ 1/([ω]2 − Q) is

increasing. Therefore, for any geometric class [ωt] with numerical data (m(t), S(t)) we obtain
the upper bound

JXk
([ωt]) ≤ 4π ϕk

(
m(t), S(t)

)
,

where

ϕk(m,S) := m· c1(X) · [ω]− S

[ω]2 −Qmax(m,S)
, Qmax(m,S) := max

{
k∑

i=1

t2i

∣∣∣ ti ≥ m,
∑

ti = S

}
.

By Proposition 3.1, the maximum Qmax(m,S) is achieved at the extremal vector

t∗ = (m, . . . ,m, S − (k − 1)m),

so that
Qmax(m,S) = (k − 1)m2 +

(
S − (k − 1)m

)2
.

In particular, the bound JXk
([ωt]) ≤ 4π ϕk

(
m(t), S(t)

)
depends on t only through (m(t), S(t)).

It remains to control the possible values of (m(t), S(t)). Instead of using all effective curve
classes (which is infeasible when NE(Xk) is infinitely generated), we choose a finite collection
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of effective curves C on Xk and use the elementary inequalities m(t) ≤ [ωt] · C to obtain
explicit constraints on (m(t), S(t)). These finitely many constraints define a coarse admissible
region Dk for (m,S), which contains the true set of geometric data arising from Kähler classes.
Consequently,

sup
K(Xk)

JXk
([ωt]) ≤ 4π sup

(m,S)∈Dk

ϕk(m,S),

turning an a priori infinite collection of curve constraints into a manageable finite-dimensional
optimization problem. The details are worked out first for blow-ups of P2, and then adapted to
Hirzebruch surfaces.

Finally, for non-rational PSC Kähler surfaces (i.e. ruled surfaces over bases of genus g ≥ 1)
we show that the same strategy applies. In addition, we develop an independent analytic ap-
proach inspired by Stern’s level-set method for harmonic maps [Ste22], adapted to the holo-
morphic fibration in the Kähler setting. Both the algebraic and analytic approaches lead to the
same optimal constant and the same rigid model in Theorem 1.2 (3).

Why the Kähler setting is special. It is instructive to compare the preceding discussion with
the purely Riemannian PSC setting in higher dimensions. On a closed Riemannian manifold
(Mn, g), a homological k-systole sysk(g) is only defined (and finite) when Hk(M ;Z) ̸= 0.
Otherwise the notion is vacuous. Even when Hk(M ;Z) ̸= 0, one should not expect any mean-
ingful upper control of sysk(g) from a pointwise lower bound scal(g) ≥ σ > 0 in general.
Indeed, for n ≥ 3 and 1 ≤ k ≤ n− 2 with k ̸= n/2 when n is even, consider

M = Sk × Sn−k, gt := t2gSk ⊕ gSn−k , t ≥ 1,

where gSm is the round metric of sectional curvature 1. Then scal(gt) ≥ (n−k)(n−k−1) > 0,
while Hk(M ;Z) ∼= Z is generated by [Sk × {∗}], and a standard argument shows that any
nontrivial k-cycle has volume O(tk). Hence sysk(gt) → ∞ as t → ∞.1

This pathology has no Kähler analogue in the basic model. For instance, on Pn, for every
1 ≤ k ≤ n− 1 one has H2k(Pn;Z) ∼= Z, generated by the class of a linear subspace Pk ⊂ Pn.
Thus, unlike the sphere Sn (whose homology vanishes in all intermediate degrees), the natural
even-dimensional systolic questions on Pn are a priori non-vacuous, and the simplest PSC
counterexamples based on “inflating one factor while keeping another PSC factor fixed” do not
apply to Kähler manifolds such as Pn.

More importantly, on a compact PSC Kähler manifold, the presence of 2–sphere components
is not accidental but structural. As we illustrated before, PSC Kähler manifolds must be unir-
uled, which carry “plenty” of P1. Therefore, the 2-systole (and, more generally, 2k-systole via
effective cycles when available) becomes a natural invariant on PSC Kähler manifold. This is
the conceptual reason why high-dimensional systolic inequalities are more plausible in the PSC
Kähler world, and it motivates our focus on the holomorphic 2-systole and the scale-invariant
functional JX .

1The middle-dimensional case may behave differently even for simple products, e.g. on Sm × Sm one has
Hm

∼= Z2 and the naive one-sided scaling does not force sysm to diverge.
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Organization of the paper. In Section 2 we review the basic notions used throughout the
paper. We also show that, for projective Kähler surfaces in our setting, the functional JX([ω])

is well-defined and satisfies supK+(X) JX < ∞.

Section 3 is devoted to the case where the minimal model of X is P2. We apply the mass-
shift argument to obtain an upper bound for JBlkP2 . This yields the sharp bound minX S(ω) ·
sys2(ω) ≤ 12π, together with the rigid model (P2, ωFS).

In Section 4 we study ruled surfaces from an algebro-geometric perspective. We first treat the
non-rational ruled case, which is technically simpler in our approach, and show that minX S(ω)·
sys2(ω) ≤ 4π, together with the corresponding rigid model. We then recall the geometry of
Hirzebruch surfaces and their blow-ups, and adapt the mass-shift argument to the rational ruled
case. This leads to the sharp bound minX S(ω) · sys2(ω) ≤ 8π for all PSC Kähler surfaces with
Hirzebruch surfaces as minimal model, with rigidity characterized by the product Fubini-Study
metric on P1 × P1.

Section 5 provides an alternative proof in the non-rational ruled case. We introduce the level-
set method for holomorphic fibrations f : X → B when the base curve B admits a metric of
non-positive Gaussian curvature.

Acknowledgment. The author would first appreciate his advisor, Professor Gérard Besson,
for introducing him to the field of PSC manifolds. The author also wants to thank Jian Wang
for valuable comments on the manuscript.

2. PRELIMINARIES

Let (Xn, ω) be a compact Kähler manifold of complex dimension n. Locally we write
ω =

√
−1 gij̄ dzi ∧ dz̄j . We denote by K(X) := {[ω] ∈ H1,1(X;R) | [ω] > 0} the Kähler cone

of X , which is an open convex cone in the finite-dimensional real vector space H1,1(X;R).

The (Chern–)Ricci form is defined by

Ric(ω) := −
√
−1 ∂∂̄ log det(gij̄).

It is a real closed (1, 1)–form representing the first Chern class:

c1(X) =
1

2π
[Ric(ω)] ∈ H1,1(X) ∩H2(X;R).

The (Chern–)scalar curvature S(ω) is then determined by

S(ω) :=
n Ric(ω) ∧ ωn−1

ωn
.

In particular, the normalized average scalar curvature

Ŝ([ω]) :=
2nπ c1(X) ∪ [ω]n−1

[ω]n

depends only on the Kähler class [ω]. Clearly, minX S(ω) ≤ Ŝ([ω]), with equality if and only
if ω is cscK.
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Throughout the paper we write gω for the Riemannian metric associated to ω, and denote by

sys2(ω) := sys2(gω)

the 2-systole. In contrast, the quantity that we will actually compute is the holomorphic 2-
systole introduced in Definition 1.3:

syshol2 ([ω]) := inf
{
[ω] · [C]

∣∣ C ⊂ X an effective curve, 0 ̸= [C] ∈ H2(X;Z)
}
.

Here we view an effective curve C =
∑

i miCi as an integral real 2–cycle and

[ω] · [C] :=
∑
i

mi

∫
Creg

i

ω.

In particular, every effective curve is a candidate for the 2-systole, and we always have

sys2(ω) ≤ syshol2 ([ω]). (2.1)

Note that syshol2 ([ω]) depends only on the Kähler class [ω], whereas sys2(ω) a priori depends on
the specific metric in that class.

The basic scale–invariant functional that we will work with is

JX([ω]) := syshol2 ([ω]) · Ŝ([ω]) = syshol2 ([ω]) · 2nπ c1(X) ∪ [ω]n−1

[ω]n
.

For Kähler surfaces (n = 2) this becomes

JX([ω]) = syshol2 ([ω]) · 4π c1(X) · [ω]
[ω]2

.

Since syshol2 (λ[ω]) = λ syshol2 ([ω]) and Ŝ(λ[ω]) = λ−1Ŝ([ω]) for λ > 0, the value of JX([ω])

depends only on the ray R>0 [ω] ⊂ K(X).

Lemma 2.1. Let V be a real vector space and let K ⊂ V be an open cone. Let f : K → (0,∞)

and J : K → R be functions satisfying

f(λx) = λf(x), J(λx) = J(x)

for all x ∈ K and all λ > 0. Set K1 := {x ∈ K | f(x) = 1}. Assume that K1 ̸= ∅. Then

sup
x∈K

J(x) = sup
x∈K1

J(x).

Proof. Define a map Φ : K → K by

Φ(x) :=
x

f(x)
, x ∈ K.

This is well-defined because f(x) > 0 for every x ∈ K, and the conic property of K implies
Φ(x) ∈ K. Moreover,

f(Φ(x)) = f

(
x

f(x)

)
=

1

f(x)
f(x) = 1,

so that Φ(K) ⊂ K1.
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Conversely, if y ∈ K1, then f(y) = 1 and y = Φ(y). Thus Φ(K) = K1. Finally, for every
x ∈ K we have

J(Φ(x)) = J

(
x

f(x)

)
= J(x).

Therefore
sup
x∈K

J(x) = sup
x∈K

J(Φ(x)) = sup
y∈Φ(K)

J(y) = sup
y∈K1

J(y),

which is the desired equality. □

Theorem 2.2. Let (X,ω) be a projective Kähler surface. Then

(1) minX S(ω) · sys2(ω) ≤ JX([ω]), with equality if and only ω is cscK and sys2(ω) is
realized by a holomorphic 1-cycle;

(2) supK+(X) |JX | < +∞, where K+(X) := {[ω] ∈ K(X); c1(X) · [ω] > 0}

Proof. We only prove (2) since (1) is obvious. Define K1 :=
{
[ω] ∈ K+(X); syshol2 ([ω]) = 1

}
,

by Lemma 2.1, we have
sup

K+(X)

JX = sup
K1

JX .

We first show that K1 ⊂ K(X). Assume there is a sequence of Kähler metric ωε → ω0 ∈
∂K(X).

Claim: There exists an effective curve C, such that ω0 · C = 0.

With the claim, we then have

1 = syshol2 (ωε) ≤ [ωε] · [C] → 0,

which is a contradiction. Therefore, K1 ⊂ K(X).

Fix a Euclidean norm ∥ · ∥ on the finite dimensional vector space V := H1,1(X), then
B = {α ∈ V ; ∥α∥ = 1} is compact. Set S1 = K1 ∩ B. Clearly, S1 ⊂ K(X) is also compact
and the continuous function ω 7→ ω2 := F (ω) has minimum m := minS1 F and maximum
M := maxS1 F on S1. For ω ∈ K1, define u = ω/∥ω∥ ∈ S1, we then have ω2 = ∥ω∥2 · u2.
Thus,

m ∥ω∥2 ≤ ω2 ≤ M ∥ω∥2.
For any α, β ∈ V , α 7→ β · α is a continuous linear functional, so that

|β · α| ≤ C ∥α∥.

Consequently, we have ∣∣∣∣c1(X) · ω
ω2

∣∣∣∣ ≤ C ∥ω∥
m ∥ω∥2

=
C ′

∥ω∥
.

It remains to prove ∥ω∥ is bounded away from 0 on K1. In particular, fix any effective curve F ,
ω 7→ ω · F is a bounded linear functional on K1. So, we have

1 ≤ ω · F ≤ C̃ ∥ω∥,

where C̃ > 0 only depends on F . This completes the proof. □
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Proof of the claim. Since ω0 is nef, we split into two cases.

Case 1: ω2
0 > 0: The claim follows from the Nakai-Moishezon criterion directly.

Case 2: ω2
0 = 0: Fix t > 3 and set Dt := KX + tω0. We claim that Dt is nef.

By Mori’s cone Theorem (see, e.g. [Deb01, Theorem 7.49]) for smooth projective surfaces,
There are countably many rational curves Ci on X , satisfying 0 < −KX · Ci ≤ 3, and

NE(X) = NE(X)KX≥0 +
∑
i

R≥0 [Ci] .

For γ ∈ NE(X)KX≥0 we have Dt ·γ = KX ·γ+ t ω0 ·γ ≥ 0 since ω0 is nef. For a KX-negative
extremal curve Ci, we have

Dt · Ci = KX · Ci + t ω0 · Ci ≥ −3 + t > 0.

Hence Dt is nef.

Since both Dt and ω0 are nef, we have Dt · ω0 ≥ 0. On the other hand, ω2
0 = 0 gives

Dt · ω0 = (KX + tω0) · ω0 = KX · ω0 = −c1(X) · ω0 < 0,

which is a contradiction. Therefore, Case 2 is ruled out. □

Blow-ups will play a central role in what follows. Let π : X̃ → X be the blow-up of X at a
point p, with exceptional divisor E. Given a Kähler class [ω] on X we consider the family of
classes on X̃

[ωt] := π∗[ω]− t[E], t ≥ 0.

The Seshadri constant of [ω] at p is defined by

ε([ω]; p) := sup{ t ≥ 0 | π∗[ω]− t[E] is nef } = inf
C∋p

[ω] · [C]

multp(C)
,

where the infimum is taken over irreducible curves C ⊂ X passing through p and multp(C)

denotes the multiplicity of C at p. In particular, for every 0 < t < ε([ω]; p) the class [ωt] is
Kähler on X̃ .

In this paper we will only consider Kähler classes [ω] with c1(X) · [ω] > 0, since these are
the classes that may contain PSC Kähler metrics. We denote the corresponding subcone by

K+(X) := {[ω] ∈ K(X) | c1(X) · [ω] > 0}.

Brown’s result [Bro24, Theorem A] shows that if [ω] contains a PSC Kähler metric, then for
all sufficiently small t > 0 the classes [ωt] = π∗[ω]− t[E] on the blow-up X̃ also contain PSC
Kähler metrics. Therefore we may estimate JX along such families and, ultimately, to obtain
uniform bounds for JX on PSC Kähler classes arising from P2 and ruled surfaces under finitely
many blow-ups.
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3. THE SYSTOLIC INEQUALITY ON P2 AND ITS BLOW-UP

In this section we study the 2-systolic inequality on P2 and on its blow-up BlkP2 at k points.
On P2 we write H for the hyperplane class, so that the Néron–Severi group is

NS1(P2;R) = ⟨H⟩, H2 = 1.

Any Kähler class on P2 is of the form [ω] = aH, a > 0, and every effective curve class is a
positive multiple of H . In particular, the holomorphic 2-systole is

syshol2 ([ω]) = inf
C
[ω] · [C] = aH ·H = a,

while
c1(P2) = 3H, c1(P2) · [ω] = 3a, [ω]2 = a2.

Hence

JP2([ω]) = 4π syshol2 (ω)
c1(P2) · [ω]

[ω]2
= 4π · a · 3a

a2
= 12π. (3.1)

We now pass to the blow-up Xk := BlkP2 at k points. The Néron–Severi group of Xk is

NS1(Xk;R) = ⟨H,E1, . . . , Ek⟩,

where H denotes the pullback of the hyperplane class and Ei the exceptional divisors, with

H2 = 1, E2
i = −1, H · Ei = Ei · Ej = 0 (i ̸= j).

In particular, any Kähler class can be written as

[ω] = aH −
k∑

i=1

tiEi, a, ti ∈ R>0,

while a curve class in H2(Xk;Z) is written

[C] = dH −
k∑

i=1

miEi, d,mi ∈ Z,

where we tacitly identify H2 and H2 via Poincaré duality.

In view of (3.1), our goal is to show that

JXk
([ω]) < 12π

for every Kähler class [ω] on Xk and every k ≥ 1. Since JXk
is defined purely in terms

of intersection numbers, this is intrinsically a finite–dimensional optimization problem on the
Kähler cone. However, the complexity of the Mori cone NE(Xk) increases rapidly with k: for
large k there are many extremal rays, and for k ≥ 9 (in the non–del Pezzo regime) the cone
is not even finitely generated. A direct ray–by–ray analysis of all effective curve classes is
therefore hopeless.

Instead of keeping track of each coefficient ti separately, it is convenient to work with the
aggregate quantity

S :=
k∑

i=1

ti.
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Once a Kähler class [ω] = aH −
∑

tiEi is fixed, the numbers ti > 0 determine S, and the nef
cone imposes a genuine geometric upper bound on S which does not depend on the particular
choice of coordinates. Moreover, on Xk one has

[ω]2 = a2 −
k∑

i=1

t2i , c1(Xk) · [ω] =

(
3H −

k∑
i=1

Ei

)
·

(
aH −

k∑
i=1

tiEi

)
= 3a−

k∑
i=1

ti,

so that, when syshol2 ([ω]) is under control, JXk
([ω]) depends on the tuple (t1, . . . , tk) only

through

S =
k∑

i=1

ti, Q :=
k∑

i=1

t2i .

For a given Kähler class we set m := syshol2 ([ω]). In particular, due to each exceptional curve
Ei is effective and [ω] · Ei = ti, we always have m ≤ ti for all i. Thus, if we fix (a,m, S) and
vary the individual ti subject to

ti ≥ m,

k∑
i=1

ti = S,

then a and S are held fixed while JXk
([ω]) changes only through the quantity Q appearing

in [ω]2. In particular, for fixed (a,m, S) the maximal possible value of JXk
([ω]) is attained

when Q is as large as allowed by these constraints. This leads to the following elementary
“mass–shift” property, which will play a crucial role not only in the present section but also in
our later analysis of Hirzebruch surfaces, i.e., a ruled surface fibred over a rational curve.

Proposition 3.1. Let k ≥ 2, m > 0, and S ≥ km. Consider

Ω =
{
t = (t1, . . . , tk) ∈ Rk : ti ≥ m for all i,

k∑
i=1

ti = S
}
.

For Q(t) :=
∑k

i=1 t
2
i one has

sup
t∈Ω

Q(t) = (k − 1)m2 +
(
S − (k − 1)m

)2
,

and the supremum is attained exactly (up to permutation of coordinates) at

t = (m, . . . ,m︸ ︷︷ ︸
k−1

, S − (k − 1)m).

Proof. Since S ≥ km, the point (S/k, . . . , S/k) belongs to Ω, so Ω ̸= ∅. In particular, Ω is
compact in Rk, and since Q is continuous, Q attains its maximum on Ω. Let t = (t1, . . . , tk) ∈
Ω be a maximizer.

We first show that at most one coordinate of t is strictly larger than m. Suppose by contra-
diction that there exist i ̸= j with

ti ≥ tj > m.

Choose δ ∈ (0, tj −m] and define

t′i = ti + δ, t′j = tj − δ, t′ℓ = tℓ (ℓ /∈ {i, j}).
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Then t′ ∈ Ω, and
Q(t′)−Q(t) = (ti + δ)2 + (tj − δ)2 − (t2i + t2j)

= 2δ(ti − tj) + 2δ2 ≥ 2δ2 > 0,

which contradicts the maximality of t. Hence at most one coordinate of t exceeds m.

Since all coordinates satisfy ti ≥ m, it follows that exactly k− 1 coordinates are equal to m,
and the remaining one equals S−(k−1)m. The condition S ≥ km ensures S−(k−1)m ≥ m,
so such a point lies in Ω. Evaluating Q there gives

Q(t) = (k − 1)m2 +
(
S − (k − 1)m

)2
.

Thus
sup
s∈Ω

Q(s) = Q(t) = (k − 1)m2 +
(
S − (k − 1)m

)2
.

Finally, if t ∈ Ω satisfies

Q(t) = (k − 1)m2 +
(
S − (k − 1)m

)2
,

then t is a maximizer, and the above argument shows that (up to permutation) t must have the
stated form. The case S = km corresponds to S − (k − 1)m = m, i.e. ti = m for all i. □

In the purely numerical optimisation below, we deliberately forget the dependence of m =

syshol2 ([ωt]) on the full vector t = (t1, . . . , tk) and retain only the coarse numerical constraints
forced by the existence of the effective curves Ei and H − Ei − Ej . Namely, for every Kähler
class ωt we have

m ≤ ωt · Ei = ti, m ≤ ωt · (H − Ei − Ej) = a− ti − tj,

and in particular 0 < m ≤ a/3 and S =
∑

i ti ≥ km. We then rewrite

JXk
([ωt]) = 4πm

3a− S

a2 −Q
=: 4π ϕk(m,S,Q), Q =

k∑
i=1

t2i .

Fix (a,m, S) in the above coarse admissible region and consider all vectors t = (t1, . . . , tk)

satisfying only the numerical conditions

ti ≥ m,
k∑

i=1

ti = S,

which are necessary for any geometric class with systole m and sum S. Since the factor 3a−S

is fixed and a2 −Q > 0 on the Kähler cone, the map Q 7→ m(3a− S)/(a2 −Q) is increasing
in Q. Therefore, for any geometric vector t with given (m,S) we obtain the upper bound

ϕk(m,S,Q(t)) ≤ ϕk

(
m,S,Qmax(m,S)

)
,

where Qmax(m,S) denotes the maximal possible value of
∑

t2i under the constraints ti ≥ m

and
∑

ti = S.

By Proposition 3.1, this maximum is achieved at the extremal vector

t∗ = (m, . . . ,m, S − (k − 1)m),
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and hence
Qmax(m,S) = (k − 1)m2 +

(
S − (k − 1)m

)2
.

Consequently, for every Kähler class ωt we have the numerical estimate

JXk
([ωt]) ≤ 4πm

3a− S

a2 −Qmax(m,S)
.

In particular, to bound supJXk
from above, it suffices to maximize the right-hand side over

the coarse admissible region in (m,S) determined above, reducing the problem to a purely
numerical optimization.

Lemma 3.2. Suppose BlkP2 carries a PSC Kähler metric ωt = π∗ω −
∑

tiEi, where ω = aH

is a Kähler metric on P2 for a > 0. Then

JBlkP2([ωt]) < JP2([ω]) = 12π.

Proof. We first treat the case k = 1. In this situation the Kähler class is [ωt] = aH − tE, and a
direct computation (see Example 3.5) shows that

JBl1 P2([ωt]) = 4π min{a− t, t} 3a− t

a2 − t2
≤ 20π

3
< 12π.

Thus, it remains to consider k ≥ 2.

For k ≥ 2, the exceptional curves Ei and the strict transforms of lines through two points,
with classes H − Ei − Ej (1 ≤ i ̸= j ≤ k), are effective. Hence

ωt · Ei = ti > 0, ωt · (H − Ei − Ej) = a− ti − tj > 0,

are candidates for the holomorphic 2-systole. Set m := syshol([ωt]) ≤ min{ti, a − ti − tj :

1 ≤ i ̸= j ≤ k}. Then

JBlkP2([ωt]) = 4πm · 3a− S

a2 −Q
=: 4π ϕk(t).

We now analyze the supremum of ϕk. Observe that J (and hence ϕk) is invariant under rescal-
ing of the Kähler class. Thus, without loss of generality, we may assume a = 1 in what follows.
With this normalization,

ϕk(t) = m · 3− S

1−Q
.

By definition of m we have

ti ≥ m, 1− ti − tj ≥ m (1 ≤ i ̸= j ≤ k),

so in particular 0 < m ≤ 1/3. Summing ti ≥ m also gives S ≥ km.

Fix m > 0 and S ≥ km, and consider all t = (t1, . . . , tk) with

ti ≥ m,
k∑

i=1

ti = S.

By Proposition 3.1, we have

Q ≤ (k − 1)m2 +
(
S − (k − 1)m

)2
,
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with equality at
t∗ =

(
m, . . . ,m, S − (k − 1)m

)
up to permutation of coordinates. Since the denominator 1−Q is decreasing in Q, we obtain

ϕk(t) = m
3− S

1−Q
≤ m

3− S

1− (k − 1)m2 −
(
S − (k − 1)m

)2 =: F (m,S), (3.2)

whenever ti > 0, 3− S > 0 and 1−Q > 0.

We now identify the (m,S) for which the upper bound F (m,S) is sharp, i.e. for which t∗ is
still feasible and m is still the minimum appearing in the definition of ϕk. First, Proposition 3.1
requires t∗i ≥ m, i.e.

S − (k − 1)m ≥ m ⇐⇒ S ≥ km.

Next, we need m to remain the minimum in

{t∗i , 1− t∗i − t∗j : 1 ≤ i ̸= j ≤ k},

so that ϕk(t
∗) is still of the form m(3− S)/(1−Q(t∗)). Since t∗i ≥ m, it suffices to ensure

1− t∗i − t∗j ≥ m (1 ≤ i ̸= j ≤ k),

which gives
S ≤ 1 + (k − 3)m.

Finally, we must have 1−Q(t∗) > 0, i.e.

1− (k − 1)m2 −
(
S − (k − 1)m

)2
> 0.

Collecting the constraints, the relevant domain for (m,S) is

km ≤ S ≤ 1 + (k − 3)m, 0 < m ≤ 1
3
, 1− (k − 1)m2 −

(
S − (k − 1)m

)2
> 0. (3.3)

For (m,S) in this domain we have ϕk(t) ≤ F (m,S), and equality holds for t = t∗. Now,
introduce

y := S − (k − 1)m, A := 1− (k − 1)m2, c := m
(
3− (k − 1)m

)
,

so that m ≤ y ≤ 1− 2m and A > 0 on the domain, and

F (m,S) =
c−my

A− y2
.

Viewing F as a function of y (with m fixed), a direct computation gives

∂

∂y
F (m, (k − 1)m+ y) =

−mA−my2 + 2cy

(A− y2)2
=:

N(y)

(A− y2)2
.

The numerator N(y) is a concave quadratic in y with a unique maximum at

y0 =
c

m
= 3− (k − 1)m.

One checks that y0 ≥ 1−2m for all admissible m, hence N(y) ≥ 0 on [m, 1−2m]. Therefore,
for fixed m, F (m,S) is strictly increasing in S on the domain (3.3), and

max
km≤S≤1+(k−3)m

F (m,S) = F
(
m, 1 + (k − 3)m

)
.
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A direct computation yields

F
(
m, 1 + (k − 3)m

)
=

m
(
2− (k − 3)m

)
1− (k − 1)m2 − (1− 2m)2

=
2− (k − 3)m

4− (k + 3)m
=: Gk(m), (3.4)

where the feasibility condition

1− (k − 1)m2 − (1− 2m)2 > 0

is equivalent to

0 < m <
4

k + 3
.

Differentiating (3.4) gives

G′
k(m) =

−2k + 18(
4− (k + 3)m

)2 .
We now distinguish three cases.

Case 1: 2 ≤ k ≤ 8. Here −2k + 18 > 0, so Gk is strictly increasing on (0, 4/(k + 3)). Since
4/(k + 3) ≥ 1/3 for k ≤ 8, the constraint m ≤ 1/3 is active, and

sup
m

Gk(m) = Gk

(1
3

)
= 1.

This value is attained at m = 1
3
, S = k

3
, that is, t1 = · · · = tk =

1
3
, and hence

sup
t
ϕk(t) = 1 for 2 ≤ k ≤ 8.

Case 2: k = 9. In this case G′
9(m) ≡ 0, so G9 is constant on (0, 4/12). From (3.4) we obtain

G9(m) =
2− 6m

4− 12m
=

1

2
, 0 < m <

1

3
.

Since m < 1/3 (the endpoint m = 1/3 is excluded by the strict inequality in the denominator
condition), the value G9(m) = 1/2 is not attained but can be approached as m ↑ 1/3, i.e. along
vectors t with ti ↑ 1

3
. Thus

sup
t
ϕ9(t) =

1

2
.

Case 3: k ≥ 10. Now −2k + 18 < 0, so Gk is strictly decreasing on (0, 4/(k + 3)) and

sup
m

Gk(m) = lim
m↓0

Gk(m) =
1

2
.

The corresponding extremal configurations are of the form

t = (m, . . . ,m, 1− 2m), m ↓ 0,

for which m → 0 and S → 1. Hence

sup
t
ϕk(t) =

1

2
for k ≥ 10.

Collecting the three cases, we arrive at

sup
t
ϕk(t) =

 1, 2 ≤ k ≤ 8,

1
2
, k ≥ 9.
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In particular,

sup
t
ϕk(t) ≤ 1 for all k ≥ 2.

Combining this with the case k = 1 treated at the beginning, consequently, we obtain

JBlkP2([ωt]) < JP2([ω]) = 12π

for all k ≥ 1, as claimed. □

Remark 3.3. The dependence of the upper bound of JBlkP2 on k is in perfect agreement with
the standard classification of the blow-ups BlkP2 according to the positivity of the canonical
class. Indeed,

c21(BlkP2) =

(
3H −

k∑
i=1

Ei

)2

= 9− k,

so that BlkP2 is del Pezzo for k ≤ 8, satisfies KBlkP2 nef and c21 = 0 for k = 9, and has c21 < 0

for k ≥ 10.

On the other hand, the algebraic optimization in the proof above leads to the one-variable
function Gk(m). The sign of G′

k(m) is exactly the sign of c21(Xk). Consequently,

• for 2 ≤ k ≤ 8 (del Pezzo, c21 > 0) the worst-case upper bound for JXk
is achieved at

the largest admissible value of m;

• for k = 9 (KXk
nef, c21 = 0) the function Gk is flat, and the corresponding upper bound

is approached by Kähler classes, but not attained;

• for k ≥ 10 (c21 < 0) the worst case occurs in the opposite regime m → 0.

We also note that for k ≥ 5 additional (−1)-curves appear, for instance conics of class 2H −∑
i∈I Ei through five points. Their intersection with [ωt] gives further inequalities (such as

2a −
∑

i∈I ti > 0) which can only shrink the feasible region for (m,S) and hence potentially
lower the true supremum of JXk

. Thus the upper bounds of JBlkP2 above should not be expected
to be sharp in general. The fact that their k–dependence mirrors the del Pezzo/nef/negative
classification is a genuinely geometric phenomenon rather than an artefact of the estimates.

As a consequence of the previous estimates, we obtain the desired global systolic inequality
on P2 and its blow-ups.

Theorem 3.4. Let X0 = P2 and let Xk = BlkP2 be the blow-up at k points for k ≥ 1. Suppose
ωk is a PSC Kähler metric on Xk. Then

min
Xk

S(ωk) · sys2(ωk) ≤ 12π, (3.5)

with equality if and only if k = 0, in which case ω0 is the Fubini-Study metric and sys2(ω) is
achieved by P1. In particular, (3.5) holds strictly for all blow-ups Xk with k ≥ 1.
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Example 3.5. We can compute the precise supremum of JXk
([ω]) when k = 1, 2. For k = 1,

any Kähler class can be written as [ω] = aH − tE, for a > 0, t > 0, a > t. Also, we have

c1(X1) = 3H − E, c1(X1) · [ω] = 3a− t, [ω]2 = a2 − t2.

The Mori cone of X1 is generated by E and H − E, so

syshol2 ([ω]) = min{[ω] · E, [ω] · (H − E)} = min{t, a− t}.

Since JX1([ω]) is invariant under overall scaling of [ω], it only depends on the ratio x := t/a ∈
(0, 1). We may therefore assume a = 1, and obtain

JX1([ω]) = 4π min{t, 1− t} 3− t

1− t2
=: h1(t), 0 < t < 1.

A direct computation shows that h1(t) is strictly increasing on (0, 1
2
], so its maximum is attained

at t = 1
2
, i.e. in the class proportional to H − 1

2
E. Hence

sup
K(X1)

JX1([ω]) = JX1

(
[H − 1

2
E]
)
=

20π

3
.

For k = 2, For k = 2, any Kähler class can be written as [ω] = aH − t1E1 − t2E2, a >

0, ti > 0. And,

c1(X2) = 3H − E1 − E2, c1(X2) · [ω] = 3a− t1 − t2, [ω]2 = a2 − t21 − t22.

The Mori cone of X2 is generated by the (−1)-curves E1, E2, H − E1 − E2, so

syshol2 ([ω]) = min
{
t1, t2, a− t1 − t2

}
.

Again JX2([ω]) is invariant under overall scaling of [ω], so we may set a = 1 and obtain

JX2([ω]) = 4π min
{
t1, t2, 1− t1 − t2

}3− t1 − t2
1− t21 − t22

=: h2(t1, t2), 0 < t1 + t2 < 1.

A straightforward analysis of the resulting two-variable function shows that the maximum of
h2 occurs at t1 = t2 =

1
3
, so that

sup
K(X2)

JX2([ω]) = JX2

([
H − 1

3
E1 − 1

3
E2

])
= 4π.

In both cases k = 1, 2, for any PSC Kähler metric ω on Xk we have

min
Xk

S(ω) · sys2(ω) < JXk
([ω]) ≤ sup

K(Xk)

JXk
,

and the first inequality is strict, since there is no cscK metric on Xk for k = 1, 2.

4. SYSTOLIC INEQUALITIES ON RULED SURFACES

In this section we study PSC Kähler metrics on ruled surfaces and establish a uniform upper
bound for the 2-systole. The following theorem summarizes the global picture.
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Theorem 4.1. Let X → B be a ruled surface (not necessarily minimal) fibred over a smooth
complex curve B, and let ω be a PSC Kähler metric on X . Then

sys2(ω) ·min
X

S(ω) ≤ 8π.

Moreover, equality holds if and only if B ∼= P1 and X ∼= P1 × P1, and, up to overall scaling, ω
is the product Fubini–Study metric.

The proof of Theorem 4.1 will be divided according to the genus of the base curve. In the
non-rational case g(B) ≥ 1 we actually obtain the sharper bound 4π (Theorem 4.5), whereas in
the rational case B ∼= P1 we show that the optimal constant is 8π, with rigidity only on P1×P1

(Theorem 4.10).

4.1. Geometry of ruled surfaces and notation. Let X0 → B be a ruled surface over a smooth
complex curve B of genus g. Denote by C0 a minimal section and by F the fibre class in X0,
satisfying

F 2 = 0, C0 · F = 1, C2
0 = −e, e ∈ Z≥0.

The first Chern class and a Kähler class of X0 are given by

c1(X0) = 2C0 + (2− 2g + e)F, [ω] = aC0 + bF, a > 0, b > ae.

A direct computation shows that

[ω]2 = (aC0 + bF )2 = 2ab− ea2,

and

c1(X0) · [ω] =
(
2C0 + (2− 2g + e)F

)
· (aC0 + bF ) = 2b+ (2− 2g − e)a.

Proposition 4.2. Let X0 be a ruled surface over a smooth complex curve B of genus g, with
invariant e ≥ 0. Then

sup
K(X0)

JX0([ω]) =


4π

e+ 4

e+ 2
, g = 0,

4π, g ≥ 1.

(4.1)

Moreover, when g = 0 the supremum is attained precisely on classes proportional to C0+(e+

1)F , and when g ≥ 1 the supremum is attained if and only if g = 1 and b/a ≥ e+ 1.

Proof. It is well known that the Mori cone NE(X0) is generated by the numerical classes of
the fibre and a minimal section, in our notation, this is F and C0. Every other effective curve
is numerically equivalent to C0 + nF with n ≥ 0, and has intersection at least as large with [ω]

as one of these generators. Hence

syshol2 ([ω]) = min{[ω] · F, [ω] · C0} = min{a, b− ae}.

Thus

JX0([ω]) = min{a, b− ae} · 4π 2b+ (2− 2g − e)a

2ab− ea2
.
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The quantity JX0 is homogeneous of degree 0 in [ω], so it depends only on the ratio t := b/a.
The Kähler condition b > ae becomes t > e. Writing

JX0([ω]) = 4π ϕe,g(t), with ϕe,g(t) := min{1, t− e} · 2t+ 2− 2g − e

2t− e
, t > e,

it suffices to compute supt>e ϕe,g(t). We distinguish two cases according to g.

Case 1: g ≥ 1. For g ≥ 1 we have 2− 2g ≤ 0, hence

2t+ 2− 2g − e ≤ 2t− e,

and therefore
2t+ 2− 2g − e

2t− e
≤ 1, t > e.

It follows that

ϕe,g(t) = min{1, t− e} · 2t+ 2− 2g − e

2t− e
≤ min{1, t− e} ≤ 1,

so ϕe,g(t) ≤ 1 for all t > e.

If g = 1, then 2− 2g − e = −e and

ϕe,1(t) = min{1, t− e} · 2t− e

2t− e
= min{1, t− e}.

Hence supt>e ϕe,1(t) = 1, and the supremum is attained precisely when t − e ≥ 1, i.e. b/a ≥
e+ 1.

If g > 1, then 2− 2g < 0 and the inequality 2t+ 2− 2g − e < 2t− e is strict, so

ϕe,g(t) < min{1, t− e} ≤ 1, t > e.

On the other hand,

lim
t→+∞

ϕe,g(t) = lim
t→+∞

2t+ 2− 2g − e

2t− e
= 1,

so supt>e ϕe,g(t) = 1, but it is not attained for any finite t. Consequently, in all cases g ≥ 1 we
obtain

sup
t>e

ϕe,g(t) = 1, and sup
K(X0)

JX0([ω]) = 4π.

Case 2: g = 0. Now 2− 2g − e = 2− e, and for t > e we split

ϕe,0(t) =


(t− e)

2t+ 2− e

2t− e
, e < t ≤ e+ 1,

2t+ 2− e

2t− e
, t ≥ e+ 1.

For t ≥ e+ 1, a straightforward derivative computation gives

ϕ′
e,0(t) =

d

dt

(
2t+ 2− e

2t− e

)
= − 4

(2t− e)2
< 0,

so on [e+ 1,+∞) the function ϕe,0 is strictly decreasing, and

max
t≥e+1

ϕe,0(t) = ϕe,0(e+ 1) =
2(e+ 1) + 2− e

2(e+ 1)− e
=

e+ 4

e+ 2
.
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For e < t ≤ e+1, a direct computation shows that ϕ′
e,0(t) > 0 for all t > e, so Φe,0 is strictly

increasing on (e, e+ 1] and

max
e<t≤e+1

ϕe,0(t) = ϕe,0(e+ 1) =
e+ 4

e+ 2
.

Combining the two ranges, we see that ϕe,0 attains its global maximum on (e,+∞) at t = e+1,
with value

sup
t>e

ϕe,0(t) = ϕe,0(e+ 1) =
e+ 4

e+ 2
.

This corresponds exactly to classes proportional to C0 + (e+ 1)F . Thus, in the case g = 0,

sup
K(X0)

JX0([ω]) = 4π
e+ 4

e+ 2
,

and the supremum is attained precisely on Kähler classes with b/a = e+ 1. □

Remark 4.3. It is well known that a ruled surface over the projective line is a Hirzebruch
surface Fe with invariant e ∈ Z≥0. When e = 1, F1 is not minimal and is isomorphic to the
blowup Bl1 P2 of P2 at one point. As expected, our computations of JBl1 P2 in Example 3.5 and
of JF1 in Proposition 4.2 yield the same value.

For later use, we also fix notation for blowups of ruled surfaces. We do assume that all
blowup points are in very general positions, that is, each point lies on a distinct fiber of the
ruling and that no point lies on the negative section C0. Indeed, if some points collide on
the same fiber or lie on C0, additional effective curves appear whose strict transforms have
smaller intersection with any fixed Kähler class, so they can only decrease syshol2 ([ω]) and
hence JXk

([ω]). Thus this configuration is the worst case for the supremum.

Let Xk = BlkX0 be the blowup of X0 at k points in very general position, and denote by
E1, . . . , Ek the exceptional divisors. Then

NS1(Xk;R) = ⟨C0, F, E1, . . . , Ek⟩,

with intersection pairings

C2
0 = −e, F 2 = 0, C0 · F = 1, E2

i = −1, Ei · C0 = Ei · F = Ei · Ej = 0 (i ̸= j).

A Kähler class on Xk can be written as

[ω] = aC0 + bF −
k∑

i=1

tiEi, a > 0, b > ae, ti > 0,

and the first Chern class is

c1(Xk) = π∗c1(X0)−
k∑

i=1

Ei = 2C0 + (2− 2g + e)F −
k∑

i=1

Ei.

Consequently,

[ω]2 = 2ab− ea2 −
k∑

i=1

t2i , c1(Xk) · [ω] = 2b+ (2− 2g − e)a−
k∑

i=1

ti.

These expressions will be used repeatedly in the subsequent subsections.
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4.2. Non-rational ruled surfaces. Suppose X0 → B is a compact ruled surface over a smooth
complex curve B of genus g > 0. It follows from Proposition 4.2 that

sup
K(X0)

JX0([ω]) = 4π.

We now study blow-ups of such ruled surfaces.

Lemma 4.4. Let X0 be a minimal ruled surface over a smooth curve B of genus g ≥ 1, with
invariant e ≥ 0. For an integer k ≥ 1, let Xk = Blk(X0) be the blow-up at k points in very
general position, with exceptional divisors E1, . . . , Ek. Then for every k ≥ 1 one has

sup
K+(Xk)

JXk
([ω]) = 2π.

Proof. Since JXk
([ω]) is homogeneous of degree 0 in [ω], we may therefore normalize a = 1

and write

[ω] = C0 + bF −
k∑

i=1

tiEi, b > e, ti > 0,

with the Kähler condition implying 2b− e−
∑

t2i > 0. As in the minimal case, JXk
([ω]) can

be written as

JXk
([ω]) = syshol2 ([ω]) · 4π 2b+ 2− 2g − e−

∑k
i=1 ti

2b− e−
∑k

i=1 t
2
i

.

Since all blowup points are in very general positions, there is no pi lies on C0 and no two pi
lie on the same fibre. For each blownup point pi ∈ X0, let Fi be the unique fibre through pi
and let F̃i ⊂ Xk be its strict transform. Then F̃i has class F − Ei and is effective. Since each
exceptional divisor Ei is also effective, we obtain

[ω] · Ei = ti, [ω] · (F − Ei) = (C0 + bF −
∑

tjEj) · (F − Ei) = 1− ti.

In particular,

syshol2 ([ω]) ≤ min
1≤i≤k

{
[ω] · Ei, [ω] · (F − Ei)

}
= min

1≤i≤k
{ti, 1− ti}.

The Kähler condition [ω] · (F − Ei) > 0 implies 0 < ti < 1, hence for each i the function
min{ti, 1 − ti}, viewed as a function of ti ∈ (0, 1), attains its maximal value 1/2 at ti = 1/2.
Thus for all Kähler classes

syshol2 ([ω]) ≤ 1

2
.

On the other hand, using g ≥ 1 and 0 < ui < 1 we have(
2b+ 2− 2g − e−

∑
ti
)
−
(
2b− e−

∑
t2i
)
= (2− 2g) +

∑
(t2i − ti) < 0.

Hence
2b+ 2− 2g − e−

∑
ti

2b− e−
∑

t2i
< 1,

and therefore

JXk
([ω]) ≤ 4π syshol2 ([ω]) ≤ 4π · 1

2
= 2π.
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It remains to show that the bound 2π is sharp. Consider the family of Kähler classes

[ωb] = C0 + bF −
k∑

i=1

tiEi, b > e.

In fact, any effective curve on Xk has the form C = dC0 + nF −
∑

miEi for d, n,mi ∈ Z,
with the intersection number ω · C = (b− e)d+ n−miti. We take b large enough, so that the
curves Ei or F − Ei realize the holomorphic 2-systole, i.e.

syshol2 ([ωb]) = min
1≤i≤k

{ti, 1− ti}.

Observe that, for all b > 0 large enough, the classes [ωb] remain in the Kähler cone, and

Ŝ([ωb]) = 4π
2b+ 2− 2g − e−

∑
ti

2b− e−
∑

t2i
↗ 4π, as b ↗ ∞.

Therefore, by setting ti = 1/2, we have

2π
2b+ 2− 2g − e− k/2

2b− e− k/4
= syshol2 ([ωb]) · Ŝ([ωb]) = JXk

([ωb]) ≤ sup
K+(Xk)

JXk
≤ 2π.

Taking b ↗ ∞, we arrive at our conclusion. □

Combining the estimates for the minimal ruled surface X0 and its blowups Xk we obtain the
following systolic inequality in the non-rational case.

Theorem 4.5. Let X → B be a ruled surface (not necessarily minimal) fibred over a complex
curve B of genus g ≥ 1, and let ω be a PSC Kähler metric on X . Then

sys2(ω) ·min
X

S(ω) ≤ 4π.

Moreover, equality holds if and only if B is an elliptic curve, X is minimal and isometrically
covered by P1 × C, and ω has constant scalar curvature so that ω · F ≤ ω · C0, in which case
the sys2(ω) is achieved by the P1-fibre.

Proof. By Proposition 4.2 and Lemma 4.4, we obtain

sys2(ω) ·min
X

S(ω) ≤ sup
K+(X)

JX([ω]) = 4π,

with equality if and only if B is an elliptic curve, ω has constant scalar curvature, and the
holomorphic 2-systole is realised by the P1-fibre. It therefore suffices to work in this equality
case and prove that X is isometrically covered by P1 × C.

Since X
π−→ B is a minimal ruled surface fibred over an elliptic curve, there exists a rank 2

holomorphic vector bundle E on B such that X = P(E) and π is the bundle projection
(see [Har77, Chap. V]). By the classification of cscK metrics on ruled surfaces due to Apostolov
and Tønnesen-Friedman (see [ATF06, Thm. 2], the existence of a cscK metric on X = P(E) is
equivalent to the slope-polystability of the underlying rank 2 bundle E over the base curve B.
Hence our cscK metric ω forces E to be polystable, and we may write E =

⊕
i Ei as a direct sum
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of stable bundles of the same slope. By Fujiki’s equivalences [Fuj92, Lemma 2], this implies
that X = P(E) is quasi-stable. Equivalently, there exists a projective unitary representation

ρ : π1(B) −→ PU(2) ⊂ PGL2(C)

such that X is biholomorphic to the suspension quotient

Xρ := (B̃ × P1)/π1(B), γ · (z, [v]) = (γz, ρ(γ)[v]),

where B̃ ∼= C is the universal cover and π1(B) acts diagonally. Fix a biholomorphism Φ :

X
∼→ Xρ and define

ωρ := (Φ−1)∗ω.

Then ωρ is a cscK Kähler metric on Xρ, and by construction Φ becomes an isometry between
(X,ω) and (Xρ, ωρ).

Since g(B) = 1, Fujiki’s rigidity result [Fuj92, Lemma 10] shows that any cscK Kähler
metric on Xρ is a generalized Kähler–Einstein metric in the sense of [Fuj92, §3]. This yields
Xρ is isometrically covered by P1 × C endowed with the product Kähler metric ωflat ⊕ ωFS, so
is X . □

4.3. Rational ruled surfaces. In this subsection we treat the case where the base curve is
rational, so that B ∼= P1 and X0 = Fe −→ P1 is a Hirzebruch surface with invariant e ≥ 0. We
denote by Xk = Blk(Fe) the blow-up of Fe at k points in very general positions.

Proposition 4.6. Let Fe be a Hirzebruch surface with invariant e ≥ 0, and let X1 = Blp(Fe) be
its blow-up at one point. Then:

(1) If e = 0 (so X0
∼= P1 × P1), one has

sup
K+(X1)

JX1([ω]) = 4π.

(2) If e ≥ 1, one has

sup
K+(X1)

JX1([ω]) = 4π · 2e+ 5

4e+ 3
.

Proof. We treat separately the cases e = 0 and e ≥ 1. When e = 0, in which case F0
∼= P1×P1.

Write the two rulings as F1 := [P1 × {pt}], F2 := [{pt} × P1], so that F 2
1 = F 2

2 = 0, and
F1 · F2 = 1. Any Kähler class on X1 can be written as ω = aF1 + bF2 − tE. Note that the
surface X1 is the degree 7 del Pezzo surface and its Mori cone NE(X1) is generated by the
three (−1)-curves E, F1 − E, and F2 − E. Hence,

syshol2 ([ω]) = min{t, a− t, b− t},

and

JX1([ω]) = min{t, a− t, b− t} · 4π(2a+ 2b− t)

2ab− t2
.
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Setting x := a/t, y := b/t, so that a = xt, b = yt, then the Kähler conditions t > 0, a− t > 0,
b− t > 0, and [ω]2 > 0 translate into

x > 1, y > 1, and 2xy > 1.

Thus,

JX1([ω]) = 4π min{1, x− 1, y − 1}2x+ 2y − 1

2xy − 1
,

defined on {(x, y) | x > 1, y > 1}. Observe that

sup
x,y

(
min{1, x− 1, y − 1}2x+ 2y − 1

2xy − 1

)
= 1

on this domain, with equality at x = y = 2. We then conclude

sup
[ω]

JX1([ω]) = 4π sup
x>1,y>1

(
min{1, x− 1, y − 1}2x+ 2y − 1

2xy − 1

)
= 4π.

Moreover, the supremum is achieved by the class [ω] = F1 + F2 − 1
2
E. This proves (1).

We now assume e ≥ 1 and write the Kähler class on X1 as [ω] = aC0+bF −tE, a > 0, b >

0, t > 0. In this case, he Mori cone NE(X1) is generated by three extremal rays E, F −E and
C0. Hence,

sys2([ω]) = min{t, a− t, b− ea}.
Introduce the scale-invariant variables again x := a/t, and y := b/t, so that a = xt, b = yt.
The Kähler inequalities t > 0, a− t > 0, b− ea > 0 are equivalent to

x > 1, y > ex.

It is convenient to write y = ex+ z with z > 0, so that

JX1([ω]) = 4π min{1, x− 1, z}(e+ 2)x+ 2z − 1

ex2 + 2xz − 1
:= 4π ϕe(x, z),

defined on the domain

De := {(x, z) ∈ R2 | x > 1, z > 0, ex2 + 2xz − 1 > 0}.

A direct computation of the partial derivatives shows that ϕe has a unique critical point in De

at (x, z) = (2, 1), so that this point realizes a global maximum. At (x, z) = (2, 1) one has

sup
(x,z)∈De

ϕe(x, z) = ϕe(2, 1) =
2e+ 5

4e+ 3
.

The corresponding ray in the Kähler cone is given by [ω] = 2t C0 + (2e+ 1)t F − tE, and we
obtain

sup
K+(X1)

JX1([ω]) = 4π · 2e+ 5

4e+ 3
.

This proves (2) and completes the proof of the lemma. □

Having dealt with the case of a single blow-up of a Hirzebruch surface, we now turn to
blowing up several points on F0

∼= P1×P1. As in the P2-case (see Proposition 3.1 in Section 3),
the key input is a simple “mass-shift” optimization for the exceptional parameters ti, which
allows us to reduce to an extremal configuration and then perform a purely algebraic estimate.
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Lemma 4.7. Let X0 = P1 × P1 and let Xk = Blk(X0) be the blow-up of X0 at k ≥ 2 points in
very general position. Then

sup
K+(Xk)

JXk
([ω]) ≤ 4π.

Proof. Let F1 = [P1×{pt}] and F2 = [{pt}×P1] be the two rulings, and let E1, . . . , Ek be the
exceptional curves. Since the two rulings are algebraically equivalent and JXk

is homogeneous
of degree zero, we may assume that the coefficient of the “smaller” ruling is 1. More precisely,
any Kähler class can be written (after possibly interchanging F1, F2 and rescaling) in the form
[ω] = F1 + bF2 −

∑
tiEi, for b ≥ 1, ti > 0. Set m = syshol2 ([ω]). The effective curves

Ei, F1 − Ei, F2 − Ei on Xk yield the Kähler condition

[ω] · Ei = ti ≥ m, [ω] · (F1 − Ei) = 1− ti ≥ m, [ω] · (F2 − Ei) = b− ti ≥ m.

Hence, for all i,
m ≤ ti ≤ 1−m, ti ≤ b−m. (4.2)

In particular 0 < m ≤ 1
2

and b ≥ 1.

In this setting, we again apply the mass–shifting reduction introduced in the P2 case. We
will not elaborate further on this point and refer the reader to Section 3 for details. Write
S :=

∑k
i=1 ti and Q :=

∑k
i=1 t

2
i . Thus

JXk
([ω]) = 4πm · 2b+ 2− S

2b−Q
. (4.3)

Fix (b,m, S) in the range 0 < m ≤ 1
2
, b ≥ 1, km ≤ S ≤ 1 + (k − 2)m. For such

parameters any admissible k-tuple t = (t1, . . . , tk) satisfies ti ≥ m and
∑

ti = S. By Proposi-
tion 3.1, under the constraints ti ≥ m,

∑
ti = S, the quadratic form Q(t) =

∑
t2i is maximized

precisely when
t = (m, . . . ,m︸ ︷︷ ︸

k−1

, S − (k − 1)m)

up to permutation, and in that case

Qmax = (k − 1)m2 +
(
S − (k − 1)m

)2
.

Consequently, for each fixed triple (b,m, S), we have

JXk
([ω]) ≤ 4πm · 2b+ 2− S

2b−Qmax

=: 4π ϕ(b,m, S),

where

ϕ(b,m, S) =
m(2b+ 2− S)

2b− (k − 1)m2 −
(
S − (k − 1)m

)2 . (4.4)

Set
N := m(2b+ 2− S), D := 2b− (k − 1)m2 −

(
S − (k − 1)m

)2
,

so that ϕ = N/D on the domain {D > 0} ∩ {N > 0}. We claim that

D(b,m, S) ≥ N(b,m, S)

for all admissible (b,m, S), which immediately implies ϕ(b,m, S) ≤ 1.
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To verify the claim, a direct computation gives

D −N = 2b− (k − 1)m2 −
(
S − (k − 1)m

)2 −m(2b+ 2− S)

= 2b(1−m)− 2m+m(S − (k − 1)m)− (S − (k − 1)m)2 .

Introduce z := S − (k − 1)m with m ≤ z ≤ 1−m. In terms of (m, z) we obtain

D −N = 2b(1−m)− 2m+mz − z2.

Observe that D−N is strictly increasing as a function of b. Under the constraint b ≥ 1 it attains
its minimum at b = 1. Thus

D(b,m, S)−N(b,m, S) ≥ G(m, z),

where

G(m, z) := D(1,m, S)−N(1,m, S) = 2− 4m+mz − z2.

On the interval z ∈ [m, 1 − m] we have ∂zG(m, z) = m − 2z < 0, so G(m, ·) is strictly
decreasing, and hence

min
z∈[m,1−m]

G(m, z) = G(m, 1−m).

A short calculation yields

G(m, 1−m) = −(2m2 +m− 1) ≥ 0.

Therefore G(m, z) ≥ 0 for all z ∈ [m, 1−m]. Combining this with the monotonicity in b gives

D(b,m, S)−N(b,m, S) ≥ 0

for every admissible triple (b,m, S), and hence ϕ(b,m, S) ≤ 1.

Consequently,

JXk
([ω]) ≤ 4π ϕ(b,m, S) ≤ 4π

for Kähler class [ω] ∈ K+(Xk) on Xk. This shows that

sup
K+(Xk)

JXk
([ω]) ≤ 4π,

which is the desired estimate. □

We now consider blow-ups of the general Hirzebruch surfaces Fe with e ≥ 1. The argument
is parallel, with the only new feature being the contribution of the negative section C0 in the
intersection computations. The final bound is again 4π, and when e = 1, this recovers the case
of P2 blown up at one point via the identification F1

∼= P2#P2.

Lemma 4.8. Let X0 = Fe be a Hirzebruch surface with e ≥ 1, and let Xk = Blk(X0) be the
blow-up of X0 at k ≥ 2 points in very general position. Then

sup
K+(Xk)

JXk
([ω]) ≤ 4π.
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Proof. Write any Kähler class on Xk in the form [ω] = C0 + bF −
∑

tiEi, for b > e, ti > 0.
We use the same notations as before, so that

JXk
([ω]) = 4πm · 2b+ 2− e− S

2b− e−Q
. (4.5)

Fix parameters (b,m, S) in the range

0 < m ≤ 1
2
, b ≥ e+m, km ≤ S ≤ 1 + (k − 2)m.

By the mass–shift Proposition 3.1, under the constraints ti ≥ m,
∑

ti = S, the quadratic form
Q(t) =

∑
t2i is maximized precisely when

t = (m, . . . ,m︸ ︷︷ ︸
k−1

, S − (k − 1)m)

up to permutation, and in that case

Qmax = (k − 1)m2 +
(
S − (k − 1)m

)2
.

Hence, for each fixed triple (b,m, S),

JXk
([ω]) ≤ 4πm · 2b+ 2− e− S

2b− e−Qmax

=: 4π ϕe,k(b,m, S),

where

ϕe,k(b,m, S) :=
m
(
2b+ 2− e− S

)
2b− e− (k − 1)m2 −

(
S − (k − 1)m

)2 . (4.6)

We use the same trick as in the proof of Lemma 4.7 with just a slight difference when we deal
with the extremum. Set

N := m
(
2b+ 2− e− S

)
, D := 2b− e− (k − 1)m2 −

(
S − (k − 1)m

)2
,

so that ϕe,k = N/D on the domain {D > 0} ∩ {N > 0}. We claim that

D(b,m, S) ≥ N(b,m, S)

for all admissible (b,m, S), which immediately implies ϕe,k(b,m, S) ≤ 1.

A direct computation gives

D −N = 2b− e− (k − 1)m2 −
(
S − (k − 1)m

)2 −m
(
2b+ 2− e− S

)
= 2b(1−m)− e(1−m)− (k − 1)m2 −

(
S − (k − 1)m

)2 − 2m+mS.
(4.7)

Note that D − N is strictly increasing as a function of b. Under the constraint b ≥ e + m it
attains its minimum at b0 := e+m. In particular,

D(b,m, S)−N(b,m, S) ≥ D(b0,m, S)−N(b0,m, S). (4.8)

Substituting b = b0 = e+m into (4.7) yields

D(b0,m, S)−N(b0,m, S) = e(1−m)− 2m2 +mS −
(
S − (k − 1)m

)2
.

Introduce z := S − (k − 1)m with m ≤ z ≤ 1−m. In terms of (m, z) we obtain

D(b0,m, S)−N(b0,m, S) = Fe(m, z) := e(1−m)− 2m2 +mz − z2. (4.9)
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Combining (4.8) and (4.9) we deduce

D(b,m, S)−N(b,m, S) ≥ Fe(m, z)

for all admissible (b,m, S). A short computation gives

min
z∈[m,1−m]

Fe(m, z) = Fe(m, 1−m) = e(1−m)− 2m2 +m(1−m)− (1−m)2

= e(1−m)− 4m2 + 3m− 1

= (e− 1) + (3− e)m− 4m2

≥ 0,

with the inequality holds strictly if e ≥ 2. In particular, Fe(m, t) ≥ 0 for all admissible m, t,
and hence ϕe,k(b,m, S) ≤ 1.

Consequently,
JXk

([ω]) ≤ 4π Fe,k(b,m, S) ≤ 4π

for every Kähler class [ω] on Xk. Therefore

sup
K+(Xk)

JXk
([ω]) ≤ 4π,

as claimed. □

Before turning to the global statement for rational ruled surfaces, it is instructive to isolate
a concrete situation where the quantity JXk

can be written down explicitly. In the regime of
blowing up at most e points on a Hirzebruch surface (namely k ≤ e) in very general position,
the Mori cone is finitely generated by a short list of curves, so that syshol2 ([ω]) and even JXk

([ω])

reduce to an explicit finite-dimensional optimization problem in the parameters of the Kähler
class. The following example makes this reduction precise.

Example 4.9. Fix an integer e ≥ 1 and let X0 = Fe be the e-th Hirzebruch surface with section
C0 and fibre class F . Let Xk := Blk(Fe) be the blow-up of k points p1, . . . , pk with k ≤ e

in very general position. In this range of parameters, the surface Xk is anti-canonical and the
Mori cone NE(Xk) is polyhedral. In particular, see for instance [HJNK25, Proposition 2.4 and
Lemma 3.4], every extremal ray of NE(Xk) is generated by C0, Ei, Fi − Ei for 1 ≤ i ≤ k.
We now fix a Kähler class on Xk and normalize it as in Lemma 4.8:

[ω] = C0 + bF −
k∑

i=1

tiEi, b > e, ti > 0.

Using the intersection form on Xk we obtain

m := sys2(ω) = min
1≤i≤k

{
ti, 1− ti, b− e

}
.

From ti ≥ m and 1 − ti ≥ m we immediately deduce 0 < m ≤ 1
2
. Therefore the functional

JXk
([ω]) takes the explicit form

JXk
([ω]) = 4πm · 2b+ 2− e− S

2b− e−Q
.



30 ZEHAO SHA

and the variables satisfy the Kähler inequalities

0 < m ≤ 1
2
, 0 < ti < 1, b > e, 2b− e−Q > 0.

In this regime, we can specifically calculate the maximum of the smooth function

(b, t1, . . . , tk) 7−→ m · 2b+ 2− e− S

2b− e−Q

under the above constraints. In this case, the maximum is achieved at (e + 1/2, 1/2, ..., 1/2),
so that

sup
K+(Xk)

JXk
([ω]) = 4π

2e+ 6− k

4e+ 4− k
≤ 4π

for all such Kähler classes.

Combining the previous lemmas, we obtain the following theorem.

Theorem 4.10. Let X → P1 be a rational ruled surface (not necessarily minimal) endowed
with a PSC Kähler metric ω. Then

sys2(ω) ·min
X

S(ω) ≤ 8π.

Moreover, equality holds if and only if X ∼= P1 × P1 (equivalently, the minimal model is F0),
endowed with the product Fubini-Study metric.

5. LEVEL SET METHOD ON NON-RATIONAL PSC KÄHLER SURFACES

In [Ste22], Stern introduced the following inequality for a non-constant S1-valued harmonic
map u on a 3-manifold (M, g) through the level set method:

2π

∫
θ∈S1

χ (Σθ) dθ ≥ 1

2

∫
θ∈S1

[∫
Σθ

(
|du|−2|Hess(u)|2 + scalM(g)

)
dVg

]
dθ, (5.1)

and used it to give a new proof of the Bray–Brendle–Neves systolic inequality for the 2-systole.
In this section, we adapt the level set method to non-rational PSC Kähler surfaces, and obtain
an alternative proof of Theorem 4.5.

5.1. A Stern-type scalar curvature inequality. Let X be a compact non-rational PSC Kähler
surface. By the classification result recalled in the introduction, X is a ruled surface fibred over
a compact Riemann surface B of genus g(B) ≥ 1. Denote by

f : (X,ω) −→ B

the induced non-constant holomorphic fibration. By the uniformization theorem, we may equip
B with a constant curvature metric ω0 of non-positive Gaussian curvature (so ω0 is hyperbolic
if g(B) ≥ 2 and flat if g(B) = 1).

Fix a point z ∈ B. Then f−1(z) is a (possibly singular) Cartier divisor on X , which we
denote by Dz. It defines a line bundle O(Dz) whose first Chern class is represented by f ∗ω0

(after a suitable normalization). In what follows we restrict attention to regular values of f , so



THE 2-SYSTOLE ON COMPACT KÄHLER SURFACES WITH POSITIVE SCALAR CURVATURE 31

that Dz is smooth, and we keep the notation Dz for the smooth fibre. Recall that for a smooth
divisor D ⊂ X , the adjunction formula states

KD =
(
KX ⊗O(D)

)
|D.

Since D = Dz is a fibre of the holomorphic fibration f : X → B, its normal bundle ND
∼=

O(D)|D is holomorphically trivial. Taking the first Chern class in the adjunction formula, we
get

c1(D) = c1(X)|D,

and hence, for the Ricci forms with respect to ω,

RicD(ω) = RicX(ω)|D.

Let ν be a local unit normal vector field of type (1, 0) along D with respect to ω. Tracing the
Gauss equation yields

SD(ω) = trω RicD(ω) = trω RicX(ω)|D = SX(ω)− RicX(ω)(ν, ν̄),

where SX(ω) and SD(ω) denote the scalar curvatures of (X,ω) and (D,ω|D), respectively. In
particular, since ν = ∇1,0f/|∇1,0f |, we obtain

RicX(ω)
(
∇1,0f,∇0,1f

)
=
∣∣∇1,0f

∣∣2(SX(ω)− SD(ω)
)
. (5.2)

We next recall the Bochner formula for holomorphic maps and a co-area formula adapted to
the present setting.

Lemma 5.1 (Bochner formula). Let f : (X,ω) → (N, ω̃) be a holomorphic map between
Kähler manifolds. Then

∆|∂f |2 = |∇∂f |2 +
〈
Ric(ω), f ∗ω̃

〉
− tr2ω

(
f ∗Rm(ω̃)

)
,

where Ric(ω) is the Ricci form of X and Rm(ω̃) is the curvature form of N .

Lemma 5.2 (Co-area formula). Let (Xn, ω) be a compact Kähler manifold and let (B,ω0) be
a compact Riemann surface, normalized so that∫

B

ω0 =
1

n
.

Let f : X → B be a non-constant holomorphic map, and let g ∈ C∞(X). Then for every
regular value z ∈ B of f we have∫

X

g ωn =

∫
B

(∫
f−1(z)

g

|∂f |2
ωn−1

)
ω0.

When (N, ω̃) = (B,ω0), the curvature term tr2ω(f
∗Rm(ω0)) is non-negative and vanishes

identically if and only if (B,ω0) is flat. In particular,

∆|∂f |2 ≥ |∇∂f |2 +RicX(ω)
(
∇1,0f,∇0,1f

)
,
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with equality if and only if (B,ω0) is an elliptic curve with a flat metric. Combining this with
(5.2) we obtain

∆|∂f |2 ≥ |∇∂f |2 + |∇1,0f |2
(
SX(ω)− SD(ω)

)
. (5.3)

We now integrate this inequality in the fibre direction using the co-area formula. The follow-
ing lemma is the basic Stern-type inequality that we shall use in the non-rational ruled case.

Lemma 5.3. Let (Xn, ω) be a compact Kähler manifold and let (B,ω0) be a compact Rie-
mann surface of genus g(B) ≥ 1, endowed with a constant curvature metric ω0. Suppose that
f : X → B is a non-constant holomorphic map, and let D = f−1(z) denote a regular fibre.
Then for any ϕ ∈ C∞(X) we have∫
B

[∫
D

ϕ2

(
|∇∂f |2

|∂f |2
+ SX(ω)− SD(ω)

)
ωn−1

]
ω0 ≤ −n

∫
X

√
−1 ∂(ϕ2) ∧ ∂̄|∂f |2 ∧ ωn−1.

(5.4)

Moreover, equality holds in (5.4) if and only if g(B) = 1 and (B,ω0) is an elliptic curve with
a flat metric.

Proof. Write B = A ∪ B0, where A is an open neighbourhood of the (finite) set of critical
values of f and B0 consists only of regular values. Multiplying (5.3) by ϕ2 and integrating over
f−1(B0), we obtain∫

f−1(B0)

ϕ2
(∣∣∇∂f

∣∣2 + ∣∣∇1,0f
∣∣2(SX(ω)− SD(ω)

))
ωn ≤

∫
f−1(B0)

ϕ2
(
∆|∂f |2

)
ωn. (5.5)

For the right-hand side of (5.5), integration by parts gives∫
f−1(B0)

ϕ2
(
∆|∂f |2

)
ωn = n

∫
f−1(B0)

ϕ2
√
−1 ∂∂̄|∂f |2 ∧ ωn−1.

On the other hand, applying the co-area formula to the left-hand side of (5.5) yields∫
f−1(B0)

ϕ2
(∣∣∇∂f

∣∣2 + ∣∣∇1,0f
∣∣2(SX − SD

))
ωn

= n

∫
B0

[∫
D

ϕ2

(
|∇∂f |2

|∂f |2
+ SX(ω)− SD(ω)

)
ωn−1

]
ω0.

By Sard’s theorem, the set of critical values has measure zero, and by choosing A with ar-
bitrarily small measure we can pass to the limit and replace f−1(B0) and B0 by X and B,
respectively. Finally, another integration by parts shows that

n

∫
X

ϕ2
√
−1 ∂∂̄|∂f |2 ∧ ωn−1 = −n

∫
X

√
−1 ∂(ϕ2) ∧ ∂̄|∂f |2 ∧ ωn−1,

and combining the above identities with (5.5) gives (5.4). The equality statement follows from
the discussion before (5.3): equality in the Bochner formula holds if and only if Rm(ω0) ≡ 0,
i.e. g(B) = 1 and (B,ω0) is a flat elliptic curve. □
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5.2. The 2-systole on non-rational PSC Kähler surfaces. In this subsection, we study the
homological 2-systole on non-rational PSC Kähler surfaces. Recall that, by the classification
of PSC Kähler surfaces, a non-rational PSC Kähler surface is precisely a (possibly blown-up)
ruled surface fibred over a curve of genus g ≥ 1.

By leveraging (5.4), we provide an alternative proof of Theorem 4.5 with an analytic method.
It is worth noting that for a Kähler metric the Chern scalar curvature S(ω) differs from the
Riemannian scalar curvature scal(gω) by a factor 2.

Theorem 5.4. Let (X,ω) be a non-rational PSC Kähler surface admitting a holomorphic fibra-
tion X → B to a compact Riemann surface B with genus g(B) ≥ 1. Then

min
X

SX(ω) · sys2(ω) ≤ 4π. (5.6)

Moreover, equality holds if and only if g(B) = 1, X is covered by P1 × C equipped with the
product of the Fubini–Study metric on P1 and a flat metric on C, in such a way that sys2(ω) is
achieved by the P1-fibre.

Proof. Let f : X → B be the holomorphic fibration, and let ω0 be a constant curvature metric
on B of non-positive Gaussian curvature, so that (5.4) holds. Taking ϕ ≡ 1 in (5.4), we have∫

B

[∫
D

(
|∇∂f |2

|∂f |2
+ SX(ω)

)
ω

]
ω0 ≤

∫
B

(∫
D

SD(ω)ω

)
ω0.

For every regular value z, the fibre D is a smooth rational curve, hence D ∼= P1 and χ(D) = 2.
By Gauss–Bonnet formula, ∫

D

SD(ω)ω = 2π χ(D) = 4π.

Integrating over B, we obtain

4π

∫
B

ω0 = 2π

∫
B

χ(D)ω0 =

∫
B

(∫
D

SD(ω)ω

)
ω0

≥
∫
B

(∫
D

SX(ω)ω

)
ω0

≥ min
X

SX(ω) ·
∫
B

Volω(D)ω0.

By definition of the homological 2-systole we have

Volω(D) ≥ sys2(ω)

for every regular fibre D. Hence

4π

∫
B

ω0 ≥ min
X

SX(ω) ·
∫
B

Volω(D)ω0

≥ min
X

SX(ω) · sys2(ω)
∫
B

ω0,
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and since
∫
B
ω0 > 0 this yields

min
X

SX(ω) · sys2(ω) ≤ 4π,

as claimed. The equality case happens if B is an elliptic curve endowed with a flat metric, ∇f

is parallel, which implies X is isometrically covered by P1 × C, and (X,ω) is cscK so that
sys2(ω) is realized by P1-fibre. □

Corollary 5.5. Let (X,ω) be a non-rational PSC Kähler surface admitting a non-constant holo-
morphic map f : X → B to a compact Riemann surface B with genus g(B) ≥ 2. Then

min
X

SX(ω) · sys2(ω) < 4π.

Proof. If g(B) ≥ 2, then B is hyperbolic and cannot carry a flat metric. Hence equality in
(5.6) cannot occur in Lemma 5.3, nor in Theorem 5.4, and the inequality in Theorem 5.4 is
strict. □

Example 5.6. Let X = P1×B be a compact complex surface, where B is a compact Riemann
surface of genus g(B) ≥ 2. Equip X with the product Kähler metric

ω = ωFS ⊕ ωB,

where on P1 we take the Fubini–Study metric normalized by

VolωFS
(P1) = π, SP1(ωFS) ≡ 4,

and on B we choose a constant Chern scalar curvature metric with

SB(ωB) = −4 + ε for some ε ∈ (0, 4).

Then the Chern scalar curvature of the product metric is constant and given by

SX(ω) = SP1(ωFS) + SB(ωB) = 4 + (−4 + ε) = ε,

so minX SX(ω) = ε > 0 and X has positive scalar curvature in our convention.

Next we compare the areas of the two basic complex curves:

• For the P1-fibre F = P1 × {p}, calibration by ω gives

Volω(F ) = VolωFS
(P1) = π.

• For the B-fibre Bp = {q} ×B, Gauss–Bonnet for the Chern scalar curvature gives∫
B

SB(ωB)ωB = 2πχ(B) = 2π(2− 2g(B)) = 4π(1− g(B)).

Since SB(ωB) ≡ −4 + ε < 0, we obtain

Volω(Bp) = VolωB
(B) =

4π(g(B)− 1)

4− ε
.
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For g(B) ≥ 2 and ε ∈ (0, 4) one has Volω(Bp) > π, so the 2-systole is realized by the P1-fibre:

sys2(ω) = min
{
Volω(F ),Volω(Bp)

}
= π.

Consequently,

min
X

SX(ω) · sys2(ω) = ε · π < 4π.

In particular, this product is independent of the genus g(B), and it can be made arbitrarily close
to 4π by letting ε ↗ 4.
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